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P RE FACE 
This i s  P a r t  I11 o f  a seven p a r t  f i n a l  r e p o r t  under 
con t r ac t  No, NAS8-21145 between the  George C. Marshall 
Space F l i g h t  Center and the  Universi ty  o f  Alabama. This 
r e p o r t  includes the  r e s u l t s  of a n a l y t i c a l  and computational 
work on an i d e a l i z e d  geometrical  and mathematical model of 
two-phase flow i n  porous media. The model c o n s i s t s  o f  f l o w  
of  a viscous l i q u i d  i n  which sphe r i ca l  gas bubbles a r e  
moving along the  e e n t e r l i n e  of a w a v y  wal l  tube.  
This a n a l y t i c  work was motivated by r e s u l t s  obtained 
from the  experimental p i l o t  model channel and from t h e  
breadboard channel i n  which ind iv idua l  gas bubbles were 
observed by high speed photography t o  be moving through 
wel l  def ined,  bu t  to r tuous ,  channels The mathematical 
model used he re in  r ep resen t s  many of  t h e  f ea tu res  o f  the  
flow bu t  cannot s imulate  the  t o r t u o s i t y  of t he  flow channels 
experienced i n  t h e  a c t u a l  porous media. 
This work i s  based on the  fundamental equations o f  
f l u i d  mechanics which a r e  expressed i n  dimensionless form 
by the  proper use o f  re fe rence  v a r i a b l e s .  
These r e s u l t s  show t h a t  a high speed d i g i t a l  computer 
e m  be used as a powerful. t o o l  i n  problems o f  t h i s  na tu re .  
v i i i  
Resul t s  a r e  p l o t t e d  i n  the  form o f  s t reaml ine  flow 
p a t t e r n s  with Reynolds number ranging from nea r  zero t o  
f i f t y .  The importance of  t h e  i n e r t i a l  e f f ec t  i s  i n -  
d i ca t ed  by the  eddy formation a t  t h e  h igher  Reynolds 
numbers. The e f f e c t  of t he  Weber number i s  a l s o  d i s -  
cussed. 
The t rends  i n  pressure  drop a r e  s i m i l a r  t o  the  
experimental  data  b u t  d i f f e r  i n  magnitude because o f  
d i f f e rence  i n  t ~ ~ t u o s i t y  of f l o w .  
iX 
I INTRODUCTION 
Motivation f o r  Study 
Computational Zluid mechanics has  emerged i n  recent. 
y e a r s  as a new too l  which holds g r e a t  promise f o r  t h e  
s tudy  of a l l  types  of f l u i d  phenomena. Although it can 
no t  be considered as a replacement f o r  ei ther pure ly  ana- 
l y t i c a l  s tudy  o r  l abora to ry  expe r inen ta t ion ,  it has i n -  
creased t h e  f l e x i b i l i t y  of f l u i d  mechanics i n v e s t i g a t i o n s ,  
The p r i n c i p a l  appeal  i s  t h a t  s o l u t i o n s  t o  m o r e  complex 
f l o w s  can be obtained than  w i t h  pure ly  a n a l y t i c a l  methods 
w h i l e  r e t a i n i n g  complete contSol  over  &he p e r t i n e n t  f l o w  
parameters.  Beside the  fact  t h a t  t he  numerical s o l u t i o n s  
are of  great va lue  of themselves, t hey  may a l s o  lead t o  
greater i n s i g h t  t o  a given problem, which would r e s u l t  
i n  m o r e  effective experimentat ion o r  tQ better a n a l y t i c a l  
approaches. 
I n  t h i s  s tudy  it is  proposed t o  apply s o m e  of the 
techniques of computational f l u i d  mechanics t o  a flow 
s i t u a t i o n  i n  which t h r e e  f l u i d  e f f e c t s  i n t e r a c t  i n  a 
r a t h e r  gene ra l  way: v i s c o s i t y ,  i n e r t i a  and s u r f a c e  t ens ion .  
Consider a f l o w  i n  which a series of gas  bubbles moves 
along t h e  c e n t e r l i n e  of a tube i n  which a v iscous  l i q u i d  
flows. The cross s e c t i o n a l  area of t h e  tube changes i n  a 
-1- 
2 
smooth p e r i o d i c  fash ion  wi th  d i s t a n c e  along t h e  c e n t e r l i n e ,  
The l i q u i d  i s  Newtonian and t h e  bubble su r face  e x h i b i t s  
s u r f a c e  t ens ion .  The range of Reynolds numbers t o  be con- 
s i d e r e d  i s  such t h a t  t h e  viscous and i n e r c i a  e f f e c t s  i n  
_l4 s 
t h e  l i q u i d  are of t h e  same o r d e r  of importance. Although 
it might be p o s s i b l e  t o  f i n d  t h i s  s i t u a t i o n  i n  a s i g n i f i -  
c a n t  phys i ca l  system, t h i s  type of flow i s  proposed only 
a s  a model which i s  used t o  s tudy  the  i n t e r a c t i o n  of t h e s e  
f l u i d  e f f e c t s .  .However, it is  hoped t h a t  t h e  r e s u l t s  of 
t h i s  work w i l l  l e a d  t o  a t  least  a b e t t e r  q u a l i t a t i v e  under- 
s t and ing  of flows i n  which v i s c o s i t y ,  i n e r t i a  and s u r f a c e  
t ens ion  are p resen t .  One such case, which provided t h e  
p r i n c i p a l  motivat ion f a r  undertaking t h e  s tudy ,  i s  t h e  
two phase flow of gas and l i q u i d  i n  porous media, Experi- 
1 _ _  
mental s t u d i e s  with which t h e  au thor  has been a s s o c i a t e d  
[ 131 * [14] and other i n v e s t i g a t i o n s  show t h a t  fundamental 
knowledge i s  needed as t o  t h e  motion of gas bubbles moving 
through a porous mat r ix  w i t h  a v i scous  l i q u i d ,  I n  t h i s  
case  t h e  flow i s  governed by v i s c o s i t y  s i n c e  s o l i d  bound- 
aries a r e  p r e s e n t .  The t o r t u o s i t y  of t h e  flow pa ths  
causes con t inua l  a c c e l e r a t i o n s  so t h a t  f l u i d  i n e r t i a  
should be considered. F i n a l l y ,  t h e  s u r f a c e  t e n s i o n  of 
t h e  gas - l iqu id  i n t e r f a c e  determines t h e  bubble shapes.  
*Numbers i n  square b racke t s  r e f e r  t o  r e fe rences  
l i s t e d  a t  t h e  end of t h e  paper .  
a 
Even l i m i t e d  t h e o r e t i c a l  resu l t s  would be of aid i n  plan- 
ning and analyzing t h e  l abora to ry  experiments i n  t h i s  
f i e l d ,  
The s tudy of t h e  motion of bubbles i s  a very broad 
s u b j e c t  s i n c e  a v a r i e t y  of f l o w  p a t t e r n s  may be produced 
depending on such cons ide ra t ions  as t h e  s i z e  of t h e  bubbles ,  
t h e  magnitude of s u r f a c e  t ens ion ,  t h e  v i s c o s i t y  of t h e  
l i q u i d  and t h e  presence of wa l l s .  Although, no r e fe rence  
has been found i n  t he  l i t e r a t u r e  of work which cons iders  
t h e  i n t e r a c t i o n  of a bubble w i t h  a v iscous  l i q u i d  t o  the  
e x t e n t  of t h i s  s tudy o r  which uses f i n i t e  d i f f e r e n c e s  f o r  
f l u i d  dynamics problems involv ing  s u r f a c e  t ens ion  , a sum- 
mary i s  presented  of some of t h e  r e l e v a n t  papers  concerning 
t h e  motion of bubbles, along with others t r e a t i n g  t h e  nu- 
merical s o l u t i o n  t o  incompressible ,  viscous flows. 
Related Work 
The modern i n t e r e s t  i n  t h e  motion of bubbles can be 
said t o  have begun w i t h  t h e  work of Davies and Taylor  i n  
1 9 4 9  [ll] i n  which a combination of experimental  and 
t h e o r e t i c a l  means w a s  used t o  determine a r e l a t i o n s h i p  
fo r  t he  r ise  v e l o c i t y  of l a r g e  s p h e r i c a l  cap bubbles i n  
i n f i n i t e  l i q u i d s .  Haberman and Morton [17] i n  1953  made 
an ex tens ive  experimental  i n v e s t i g a t i o n  of t h e  rise of 
bubbles through var ious  l i q u i d s  of i n f i n i t e  e x t e n t ,  The 
papers  of Saffman [31], Hartunian and Sears [23Ip and 
Davenport, e t  a l e  [lo] w e r e  a150 concerned w i t h  t h e  rise 
4 
of bubbles i n  i n f i n i t e  l i q u i d s ,  Walters and Davidson 
[34] I [35] have s t u d i e d  t h e  i n i t i a l  motion of gas bubbles 
i n  an i n v i s c i d  l i q u i d .  C o l l i n s  [ 9 ]  c o l l e c t e d  experimental  
d a t a  f o r  a l a r g e  bubble r i s i n g  i n  a c y l i n d r i c a l  con ta ine r  
and made an a n a l y s i s  based on i r r o t a t i o n a l  flow about an 
axisymmetric doublet  which i s  shown t o  agree wi th  exper i -  
mental d a t a  f o r  l i m i t i n g  casesp b u t  t h e  r e s u l t s  involve 
ra t ios  of i n f i n i t e  series which are rep laced  with a s e m i -  
empi r i ca l  express ion  based on experimental  d a t a ,  
I n  t h e  area of pure ly  a n a l y t i c a l  s o l u t i o n s  t o  t h e  
motion of a bubble Rybczynski and Hadamard [ 3 ) ,  indepen- 
d e n t l y  of one another ,  found a s o l u t i o n  f o r  t r a n s l a t i a n  
of a f l u i d  sphere neg lec t ing  f l u i d  i n e r t i a ,  The i r  r e s u l t s  
can be appl ied  t o  s p h e r i c a l  bubbles i f  t h e  Reynolds numbers 
of t h e  flow both o u t s i d e  and i n s i d e  t h e  bubble i s  very 
close t o  zero,  Taylor and Acrivos [32] extended t h i s  work 
t O  inc lude  t h e  effects of s l i g h t  deformation from a sphere  
w i t h  s m a l l  i n e r t i a  forces. T h e i r  procedure w a s  pa t t e rned  
af ter  t h e  one used by Proudman and Pearson [29] t o  extend 
t h e  Stokes s o l u t i o n  fo r  flow about a sphere from a e r o  t o  
low Reynolds numbers. 
I n  c o n t r a s t  t o  t h e s e  works which assume s m a l l  Rey- 
nolds numbers, Moore [26], [27] has considered t h e  rise of 
gas bubbles by assuming t h a t  t h e  flow is  i r r o t a t i o n a l  
about t he  bubble except  i n  a t h i n  reg ion  near  t h e  s u r f a c e  
i n  which t h e  flow a d j u s t s  i t s e l f  t o  a zero  t a n g e n t i a l  
stress a t  t h e  su r face .  The p r i n c i p a l  r e s t r i c t i o n  i s  t h a t  
5 
t h e  Reynolds nuxnber be l a r g e ,  y e t  s*l;ill below t h e  sepa ra t ed  
flow l i m i t  and t h a t  t h e  Weber number be small, Moore a l s o  
considered a s i m i l a r  problem f o r  e l l i p s o i d a l  bubbles [ Z S ]  
Harper and Moore considered t h e  e f f e c t  of temperature  grad- 
i e n t s  i n  a bubble s u r f a c e  [21] and L a t e T  a s p h e r i c a l  
l i q u i d  drop moving i n  a f l u i d  of compqrable d e n s i t y  and 
v i s c o s i t y  [ 221 
T h e  pure ly  a n a l y t i c a l  t rea tments  descgibed a b ~ v e  are 
q u i t e  s i g n i f i c a n t  i n  t h e  advancement of understaqding,  
b u t  m o s t  r e q u i r e  r a t h e r  involved order of magnitude argu- 
ments which are d i f f i c u l t  to j u s t i f y  w i t h  experimentaA 
r e s u l t s  due t o  t h e  u n c e r t a i n t y  caused by rjuch facttors as 
s u r f a c e  contaminants i n  the gas- l iqu id  i n t e r f a c e .  The so- 
l u t i o n  by numerical means of t h e  problems considered i n  
t h e  above papers  could serve the  purpose af checking t h e  
o r d e r  of magnitude assumptions wi thout  t h i s  u n c e r t a i n t y ,  
T h i s  s i t u a t i o n  i s  s imi la r  t o  t h e  problems encountered 
i n  a n a l y t i c a l l y  extending Stokes’ s o l u t i o n  for  zero Reynolds 
number f l o w  about a s o l i d  sphere  t o  h ighe r  Reynolds numbers, 
Ear ly  a t tempts  by Whitehead and Oseen w e r e  u n s a t i s f a c t o r y  
[3]. Only r e c e n t l y  has such an a n a l y t i c a l  ex tens ion  beer). 
c a r r i e d  o u t  by Proudman and Pearson [29] by a mqt<;hi,ng Qf 
sepaza te  asymptot ic  s o l u t i o n s  near  and f a r  from t h e  body. 
Although t h i s  a n a l y s i s  i s  rather long and h igh ly  mathemat- 
i c a l ,  it i s  s t i l l  l i m i t e d  t o  very s m a l l  Reynolds numbers 
i n  its range of a p p l i c a b i l i t y o  However, t h i s  problem has 
been so lved  numerical ly ,  w i th  good agreement ta experimental  
6 
r e s u l t s ,  us ing  f i n i t e  d i f f e r e n c e  approximations t o  t h e  
v o r t i c i t y  t r a n s p o r t  equat ions ,  f o r  Reynolds numbers from 
zero up t o  40 ,  where s e p a r a t i o n  occurs  [24], [ 2 5 ] ,  [30], 
Purely a n a l y t i c a l  methods have y e t  t o  approach-these 
Reynolds numbers f o r  flow about a sphere,  
Numerical methods of s o l u t i o n  f o r  t h e  complete 
Navier-Stokes equat ions  f o r  incompressible ,  v i scous  flow 
have been vigorously app l i ed  by From,  H a r l o w  and Welch 
of t h e  Univers i ty  of C a l i f o r n i a  a t  Low A l a m o s l  New 
Mexico. T h e  problems s t u d i e d  by t h i s  group i nc lude  t h e  
von Karman wake behind a r e c t a n g u l a r  c y l i n d e r  and wave 
motion of a free su r face .  Some of t he  no tab le  papers of 
t h i s  group as l i s ted  i n  the  r e fe rences  are [lS], 1161, 
[ 1 8 I p  [19], [20], A l a r g e  p a r t  of the  work in t h i s  s tudy  
has been adapted from t h e  above papers  and t h a t  of 
Thompson [ 331 a 
Scope of Study 
The p r e s e n t  i n v e s t i g a t i o n  cons iders  t h r e e  classes 
of problems of low Reynolds numbers flow i n  a tube wi th  
p e r i o d i c a l l y  varying c ross - sec t iona l  area: (1) s teady  
s ta te  flow of l i q u i d  only,. ( 2 )  time-dependent flqw of 
l i q u i d  only and ( 3 )  time-dependent flow w i t h  gas bubbles, 
The Reynolds number based on average v e l o c i t y  and averqge 
tube r a d i u s  ranges f r o m  z e r o  up t o  t w o  hundred, The gas 
bubbles are restricted t o  maintain a cons t an t  Volume 
and t o  be equa l ly  apaced along the  c e n t e r l i n e  of the tube 
w i t h  t h e  d i s t a n c e  between c e n t e r s  one wavelength of t he  
tube 
The equat ions  governing the  f l o w  of a l i q u i d  w i t h  
a r b i t r a r i l y  shaped bubbles are developed. A coord ina te  
t ransformation i s  .used ,which s i m p l i f i e s  t h e  .bowdary geo- 
metry F i n i t e  d i f f e r e n c e  approximations t o  t h e  t r a n s f o m e d  
equat ions are used t o  o b t a i n  numerical  so lu t ions .  Typical, 
numerical r e s u l t s  are presented  fo r  s t eady  state flow of 
l i q u i d  only. Although numerical s o l u t i o n s  for  arbi t rary 
bubble shapes w e r e  n o t  obtained,  r e s u l t s  for the case of 
spherical bubbles are presented ,  
11 MATHEMATXCAL STATEMENT OF THE PROBLEM 
The f l u i d  flow problem under cons ide ra t ion  is a two 
phase flow c o n s i s t i n g  of a viscous l i q u i d  flowing i n s i d e  
. a wavy w a l l  tube and a series of gas  bubbles moving along 
the  c e n t e r l i n e  of t h e  tube.  I n  t h i s  chapter  t h e  equat ions  
of motion governing t h e  flow along with appropr i a t e  bound- 
a ry  condi t ions  and c o n s t r a i n t s  w i l l  be s ta ted,  
Phys ica l  Model 
The t e r m  "wavy w a l l  tube" as  used i n  t h i s  paper  means 
a tube which is  c i r c u l a r  i n  any given croSs s e c t i o n  b u t  
has i t s  r a d i u s  .varying a s  a smooth p e r i o d i c  func t ion  of 
d i s t a n c e  along t h e  a x i s ,  Such a t u b e  could be formed by 
revolving a p e r i o d i c  func t ion  about a l i n e  outside of the  
wave and p a r a l l e l  t o  i t s  mean. See Figure 1 f o r  a cross 
s e c t i o n  view showing t h e  tube geometry and l o c a t i o n  of 
t y p i c a l  bubbles. W e  w i l l  cons ider  one wavelength of such 
a wavy w a l l  tube  which extends t o  i n f i n i t y  i n  each d i r e c t i o n .  
The l i q u i d  phase flowing i n  t h e  tube is  assumed t o  have 
a cons tan t  volumetr ic  flow rate  caused by some e x t e r n a l  
source.  T h e  l i q u i d  is  f u r t h e r  assumed t o  be incompressible  
and Newtonian, The l i q u i d  v e l o c i t y  a t  t h e  w a l l  w i l l  be p rQt  
Figure 1.. Cross Section of Wavy Wall Tube with Gas Bubbles along Cen te r l ine  
W 
d i o i t y  sf t h e  %%ow, The mass of gas aontained in a bubble 
i s  cons tan t  so  that  no t r a n s f e r  of mass occurs across t h e  
bubble i n t e r f a c e .  The gas i s  assumed t o  have a cons t an t  
volume f o r  t he  range of p re s su re  v a r i a t i o n s  considered and 
gas body fo rces  are neglec ted  compared t o  those i n  the 
l i q u i d .  T h e  problem i s  formulated w i t h  a r b i t r a r y  bubble 
shapes,  b u t  numerical  r e s u l t s  were obtained only for 
s p h e r i c a l  bubbles e 
Equations of Motion f o r  t h e  Liquid Phase 
The flow regime considered i s  t h a t  of l o w  Reynolds 
numbers I f rom z e r o  t o  approximately t w o  hundred. Except 
f o r  zero Reynolds numberp t h e  viscous and i n e r t i a  e f f e c t s  
are of t h e  same order of importance and the  equat ions  of 
motion are t h e  f u l l  Navier-Stokes equat ions ,  S ince  t h e  
bubbles are centered  and the  tube i s  circular,  t h e  flow is 
assumed t o  axisymmetric. Using the c y l i n d r i c a l  polar 
coordinates  rp(pp z w i t h  z along t h e  tube a x i s  and not ing  
t h a t  under t h e  assumption of axisymmetric flow, t he  veloc- 
i t y  i n  t h e  +-direction i s  zero  and a l l  p a r t i a l  derivatives 
wi th  r e s p e s t  t o  (pare ze rop  the  equat ions  of motion for t h e  
radial, and a x i a  direct ions are [7] 
1 
9 -  
avr 1 
+ V r T + V z T P p  r p 
where Vr is the component of velocity in the r-direction, 
vz is the component of velocity in the z-direction, p is 
density, fr and f, are components of body force per unit 
volume, p is pressure, v is kinematic viscosity, and t is 
time. The body force in the radiql direction will be taken 
to be zero here. To equations (1) and ( 2 )  we must add the 
equation of continuity of an incompressible fluid in axi- 
symmetric flow l 
The equation of continuity may be satisfied by intro- 
ducing the stream function l j lp  such that 
A l s o  we introduce the vorticity, 5 ,  with 
avr 3vz 
< = - -  - a  (6) ar a r  
We consider the vorticity to be a scalar since the flow is 
axisymmetric and only the magnitude of 5 is important, By 
differentiating equation (1) with respect to z and equation 
(2) with respect to r and subtracting the resul.t;s and put- 
ting in G and $ we are left with 
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and from equat ion ( 6 )  
where it is  assumed i n  t h e  development of equat ion (7 )  t h a t  
f ,  is  n o t  a func t ion  of t h e  r a d i u s ,  r e  Equation ( 7 )  i s  t h e  
usua l  v o r t i c i t y  t r a n s p o r t  equat ion  and has the  form of a 
modified d i f f u s i o n  equat ion [ 7 ] .  Equation ( 8 )  is  the d e f i -  
n i t i o n  of v o r t i c i t y  i n  terms of  stream funct ion .  The t w o  
equat ions  could e a s i l y  be combined t o  form a s i n g l e  f o u r t h  
order equat ion  involv ing  both  + and 5 .  However, due t o  t h e  
n o n l i n e a r i t y  of equat ion  ( 7 )  it is  necessary t o  use approxi- 
mate methods t o  o b t a i n  s o l u t i o n s .  I n  t h i s  work f i n i t e  d i f -  
f e r ence  techniques w e r e  found t o  be w e l l  s u i t e d .  With t h i s  
method it is better t o  have t h e  equat ions  i n  t h e  form given 
by ( 7 )  and (8 )  rather than  as a f o u r t h  order equat ion ,  s i n c e  
i n c r e a s i n g  t h e  order of t h e  d i f f e r e n t i a l  equat ions  i n c r e a s e s  
t h e  coupl ing of t h e  d i f f e r e n c e  equat ions .  
character of equat ion  ( 7 )  is  i n h e r e n t  i n  t h e  equat ions  of 
motion f o r  t h e  regime of flow and would appear i n  any form 
of t h e  equat ions .  
The non l inea r  
Once t h e  stream f u n c t i o n  and v o r t i c i t y  are known from 
t h e  s o l u t i o n s  t o  (7 )  and (8)  I t h e  v e l o c i t y  may be  found from 
t h e  d e f i n i t i o n  of t h e  stream funct ion .  The p r e s s u r e  g rad i -  
e n t s  may then  be determined f r o m  t h e  Navier-Stokes equat ions  
(1) and (2 )  and then i n t e g r a t e d  t o  f i n d  t h e  p res su re  
throughout the  incompressible  phase,  w i th in  an additive ar- 
b i t r a r y  cons tan t .  However, f o r  computer c a l c u l a t i o n ,  a 
s l i g h t l y  d i f f e r e n t  procedure may be used, S t a r t i n g  w i t h  
t h e  Navier-Stokes equat ions ,  (1) and ( 2 )  , mul t ip ly  (1) by 
rr take the  p a r t i a l  d e r i v a t i v e  with respec$ t o  l t r l  d i v i d e  
by r and add t h i s  t o  t h e  p a r t i a l  d e r i v a t i v e  of equat ion  (2 )  
w i t h  respect t o  z .  Then by use  of t h e  con t inu i ty  equat ion ,  
we  ob ta in  
where 
Using t h e  d e f i n i t i o n  of t h e  stream func t ion  t o  e l imina te  
t h e  v e l o c i t i e s  from ( 9 )  , w e  ob ta in  
Once the  s o l u t i o n  f o r  t he  stream func t ion  i s  knowno t h e  
right-hand side of equat ion  (LO) is  completely known. I t  
111, 
may then  be considered as a P o i s s o n @ s  equat ion fo r  t h e  pres-  
sure  f i e l d ,  The advantages of using this equat ion  are t h a t  
t h e  viscous terms and t i m e  d e r i v a t i v e s  do not appear as 
they would i n  so lv ing  f o r  t h e  p re s su re  g rad ien t s  from t h e  
equat ions  of motion d i r e c t l y .  A l s o ,  numerically it is  
easier t o  apply the  p o i n t  i t e r a t i o n  s o l u t i o n  of (lo) than  
a series of Pine i n t e g r a t i o n s  i f  t h e  geometry i s  complex, 
For g e n e r a l i t y  equat ions  ( 7 )  I (8)  and (10) w i l l  be 
nondimensionalized by the  fol lowing s u b s t i t u t i o n s :  
Z = z/b , R = r /b  T = U t / b  
where b i s  t h e  average r ad ius  of t h e  wavy w a l l  tube, p is  
the  d e n s i t y  of t h e  l i q u i d  and U is t h e  average v e l o c i t y , .  
t h a t  i s ,  t h e  v e l o c i t y  r equ i r ed  t o  y i e l d  t h e  flow rate i f  a 
r ec t angu la r  v e l o c i t y  p r o f i l e  e x i s t e d  a t  t h e  average tube  
r ad ius .  T h e  Reynolds numberp RN, i s  taken t o  be 
The nondimensional forms .of ( 7 )  ( 8 )  and (10 1 r e s p e c t i v e l y  
axe 
! 
The coord ina tes  R and Z do n o t  conform t o  t h e  shape 
of t h e  tube w a l l  o r  t o  t h e  shape of t h e  bubbles. This  type  
of d i s p a r i t y  would cause t h e  a p p l i c a t i o n  of t h e  boundary 
condi t ions  a t  t h e  w a l l  and bubble i n t e r f a c e  t o  be very cum- 
bersome. However, t h i s  undes i rab le  s i t u a t i o n  can be e l i m i -  
nated by t h e  fol lowing coord ina te  t ransformation.  L e t  t h e  
p e r i o d i c  func t ion  which describes the  tube w a l l  be given by 
F W ( Z )  , and t h e  bubble shape be given by FB (2) , -bgth i n  mon- 
dimensional. f o r m .  F B ( 2 )  w i l l  be def ined  to be zero €or any 
Z o u t s i d e  t h e  bubble. Let 
Then 
R = [FW(Z) - FB(Z)]Y -t F B ( Z )  
z = x  
Y =  
x =  
R - FB(Z)  
F W ( Z )  - F B ( Z )  
Z 
I n  order t o  t ransform equat ions  (13), (14) and (15), we 
need express ions  f o r  d e r i v a t i v e s  with r e s p e c t  t'o R and Z i n  
terms of Y and X, For conveniencep l e t  
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FD(Z) = FW(2) - FB(Z) 
The p a r t i a l  de i v a t i v e  with respect t o  R may be written as 
and from (17) w e  get 
For the p a r t i a l  d e r i v a t i v e  with respect t o  Z ,  w e  have 
where 
. -FD(X)FB'(X) - [R-FB(X)] FDP(X) G(X@Y) 
F D ~  (x) 
FBB(X) -b Y FDf(X) 
FD (X,) G(X,Y) = - 
and the  primes i n d i c a t e  d e r i v a t i v e s  w i t h  r e s p e c t  to X. 
Simi la r ly ,  expressions for  higher d e r i v a t i v e s  can be found. 
Col lec t ing  a11 of these i n  a group w e  have 
- -  a i a  
aR -. FD(X) E 
with 
FB’ (X)  4- Y F D s  ( X )  - 
G ( X , Y )  = F D  (X) 
Under t h i s  t ransformat ion  the  tube w a l l  i s  transformed t o  
Y = 1 and the  c e n t e r l i n e  is transformed t o  Y = 0 w i t h  the  
bubble boundary going t o  a segment of Y = 0. 
of interest  i n  t h e  X,Y plane  i s  therefore rec t angu la r  w i t h  
t h e  boundaries conforming t o  t h e  coord ina te  l i n e s .  See 
Figure 2 for t h e  taransformed tube geometryb 
no ta t ion  L e t  
The reg ion  
For ease oE 
Transformed Wall 
I 
I Y 
Transformed Bubble 
- I  - - 
Figure 2, Wavy Wall Tube after Transforming to Y,X Coordinates 
R - FB(X) 
FW (X) -FB (X) 
Y= 
FW(X) describes the shape of the wall in dimensionless form 
FB(X) describes the shape of the bubbles in dimensionless form 
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Equations (13) (14) and (15) now become 
3 -[ -{ F D ~  (XI au” FD(X) ay FD(X)Y+FB(X) 
a 2w aW a ‘w 
1 l. a2w + 1 a W 
a 2w 
- t G 2 = )  + (G,+GG ) -  4- 2 G m  Y a* 
as a2s 
2 a2s 
2 - as a2s 
ay azT 
-- 2 s 
FD(X) [FD(X)Y+FB(X) J az aYaZ 
F D ~  (XI [FD (XI YSFB (XI 3 2 
F D ( X )  [FD (XI Y+FB ( X I  3 
+ 
+ 
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where t h e  p a r t i a l  d e r i v a t i v e s  with r e s p e c t  t o  2 are given 
by t h e  express ion  ( 2 1 )  e 
The mathematical e f f e c t  of t h e  above t ransformat ion  is 
t o  s h i f t  t h e  complication of i r r e g u l a r  boundaries to t h e  
i n t e r n a l  f i e l d  equat ions ,  But s i n c e  it i s  a l ready  conceded 
t h a t  t h e  p o s s i b i l i t y  of a n a l y t i c a l  s o l u t i o n s  i s  very remote 
and numerical methods w i l l  have t o  be usedr  t h i s  compEica- 
t i o n  i n  t he  f i e ld  equat ions  i s  of l i t t l e  consequence when 
compared t o  t h e  s i m p l i c i t y  of t h e  transformed geometry. 
Boundary Conditions f o r  t h e  Liquid Phase 
The p h y s i c a l  requirements t h a t  t h e  l i q u i d  flowing i n  
t h e  tube must meek are t h a t  t h e  flow be axisymmetric, t h e  
t o t a l  v e l o c i t y  a t  the  wall be z e r o p  and t h a t  t he  flow 
f i e l d  be p e r i o d i c  i n  one wavelength of t h e ' t u b e .  These 
c o n s t r a i n t s  w i l l  be t r a n s l a t e d  i n t o  mathematical boundary 
condi t ions  for t h e  equat ions  of motism. 
I n  axisymmetric f l o w  t h e  rad ia l  component of v e l o c i t y  
must be zero a t  t h e  c e n t e r l i n e  along with t h e  p a r t i a l  de- 
r i v a t i v e  of t h e  a x i a l  component w i t h  r e s p e c t  t o  t h e  r a d i u s ,  
Denoting t h e  nondimensional a x i a l  component of v e l o c i t y  
by u and t h e  r ad ia l  component by vp. t h e s e  condi t ions  are 
au 
a t  R = O r  v = 0 and E = 0, (25) 
The f i r s t  condi t ion  above means t h a t  t h e  c e n t e r l i n e  is  a 
stream l i n e  w i t h  a cons t an t  va lue  of S. W e  can a r b i t r a r i l y  
sed t h e  va lue  of S along t h i s  boundary t o  zero  s i n c e  only 
d i f f e r e n c e s  and d e r i v a t i v e s  of stream funct ion  
can t .  Using the  f a c t  t h a t  t h e  value of u must 
2 1  
are s i g n i f i -  
be f i n i t e  
a t  t h e  c e n t e r l i n e  and t h e  t w o  condi t ions  above, t h e  follow- 
i n g  condi t ions  on § and W ad t h e  c e n t e r 9 h e  r@sult  
a t R = O ,  S = O 1  W = B  
Since t h e  flow f i e l d  must be p e r i o d i c  over  one wave- 
length  of t h e  tube, t h e  corresponding condi t ions  on S and W 
and t h e i r  d e r i v a t i v e s  are t h a t  they are p e r i o d i c  along with 
t h e i r  d e r i v a t i v e s  w i t h  r e s p e c t  t o  Z. 
where C i s  t h e  dimensionless h a l f  wavelength of t h e  tube ,  
equal  t o  t h e  phys ica l  h a l f  wavelength divided by t h e  aver- 
age tube r a d i u s ,  b ,  
Since t h e  t o t a l  v e l o c i t y  a t  t h e  w a l l  i s  zerop t h e  
p a r t i a l  d e r i v a t i v e s  of S w i t h  r e s p e c t  t o  R and Z are both 
zero and t h e  va lue  of S i s  cons t an t  along t h e  w a l l .  S ince 
t h e  va lue  of S has  been set  equal  t o  zero along t h e  c e n t e r l i n e  
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t h e  va lue  a t  t h e  w a l l  i s  determined by t h e  volumetric flow 
rate,  The vslumetric flow ra te ,  Q ,  i s  
w a l l  
Q =  2.rrrvzdr, 
Using t h e ’ d e f i n i t i o n  of t h e  stream funct ion  $ from equa- 
t i o n  (5)  and t h e  fac t  t h a t  J, i s  zero at t h e  centerlinep Q 
becomes 
b u t  from t h e  way t h a t  U p  t h e  average v e l o c i t y  w a s  def ined ,  
Q i s  a l s o  
Q = Ti h2U e 
Therefore ,  r e l a t i n g  J, t o  S I  w e  have t h a t  
I n  t h e  transformed coord ina tes  Y and X 
a t  I? = P p  S = L/2 
.as 
a Y  
- = o  
I n  order t o  so lve  f o r  the p res su re  f i e l d  us ing  equa- 
t i o n  ( 2 4 ) ,  t h e  boundary va lues  of P must be established. 
Since only p re s su re  g r a d i e n t s  and d i f f e r e n c e s  are of i n -  
terestp an a r b i t r a r y  cons t an t  p re s su re  may be assumed t o  
e x i s t  on the  c e n t e r l i n e  a t  the beginning of t h e  s e c t i o n  
of i n t e r e s t .  The express ions  f o r  t h e  pressure  g r a d i e n t s  
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along the centerline, the wall and across the two ends of 
the section can be obtained from the Navier-Stokes equations, 
(1) and (21 ,  Starting from the fixed pressure point, these 
expressions can be integrated along the boundaries of the 
region to provide the boundary values fo r  equation ( 2 4 ) e  
8% 
az 
Along the centerline, noting that vr and -are 
both zero, from equation (2) we obtain 
In order to simplify the expression in square brackets on 
the right side in the above equation, consider 
Using the equation of continuity which along the centerline 
is 
so that 
Since at the centearline 
equation (29) now becomes 
Nondimensionalizing and transforming to Y and 2 as before 
A t  the wall both velocity components are zexo and 
again from equation (2) the pressure gradsent in the axial 
direction is 
Equation (31) may be written 
In nondimensional form this is 
a .(RW) ap I - = F z  a, -'Tjmm-E 
and after transformation, we have 
But from equation (1) we can obtain,an expression for the 
partial of P with respect to R as 
After transformation this becomes 
Combining ( 3 3 )  and (35)  we have 
Equation (36) is an expression which may be integrated to 
give the pressure along the wall in the X,Y plane. 
At the two ends of the sectionp 3 = 8 and Z = 2 C p  
the radial pressure gradient is needed. From equation (1) 
we find, recalling that fr is zerop 
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The viscous terms above may also be simplified using the 
vorticity. 
a 2Vr vr P avr a 2 ~ y .  
--I - p c - -  az2 r ar  
Making the above simplification and then nondimensionaliz- 
ing and transforming to 'I! and X, equation (37) becomes 
1 as a2s 
2 7 E - m  
w 
[FD (X) YSFB (X) ] 
where the derivatives with respect to Z are given by (21) b 
Bubble Conditions 
Since the flow in the physical model has been re- 
stricted to be periodic, it is sufficient to consider 
only the bubble located in a typical wavelength of the tube. 
The bubble is of constant mass and it is further assumed 
that the gas inside is not compressed so that the volume is 
also constanto This assumption is made to insure that the 
bubble p a t t e r n  i n  t h e  e n t i r e  tube remain p e r i o d i c ,  
t h e  volume of the  bubbles were allowed t o  vary with 
If 
sureB t h e  bubble would have diffevent VQ~UKES for 
t h e  same mass due to t h e  p re s su re  g r a d i e n t  i n  t h e  tube, 
This  assumption s n o t  a s e r i o u s  l i m i t a t i o n  on t h e  s tudy 
s i n c e  the  change i n  p re s su re  over  the  d i s t a n c e s  moved by 
t h e  bubble i n  a t y p i c a l  c a l c u l a t i o n  can be made n e g l i g i -  
b l e  compared t o  the  absolu te  p re s su re  i n  t he  “cube, simply 
by r a i s i n g  the  o v e r a l l  pressure l e v e l .  T h e  motion of t h e  
gas  i n s ide  t h e  bubble w i l l  be neglec ted  i n  comparison t o  
o t h e r  e f f e c t s .  Since t h e  gas body f o r c e s  are neglec ted ,  
t h i s  means t h a t  t h e  p re s su re  i n s i d e  the  bubble i s  every- 
where t h e  same a t  a given i n s t a n t .  This assumption a lso 
means that  the bubble cannot support  any shear ing  stress 
a t  the i n t e r f a c e  w i t h  t h e  l i q u i d ,  F i n a l l y p  it i s  assumed 
t h a t  t h e  f l u i d  p a r t i c l e s  composing t h e  gas- l iqu id  i n t e r -  
face remain always i n  t h e  i n t e r f a c e ,  T h i s  means t h a t  i n  
order t o  follow the  motion of t h e  bubble a l l  t h a t  i s  re- 
qu i red  is t o  keep track o€ p a r t i c l e s  a t  the  i n t e r f a c e .  
The boundary condi t ions  t h a t  must be satisfied on 
the bubble s u r f a c e  are t h a t  there must be equ i l ib r ium 
among i n s i d e  and o u t s i d e  p re s su re ,  s u r f a c e  t e n s i o n ,  and 
normal viscous stress a t  t h e  bubble surjEace and t h a t  t h e  
shear ing  stress i n  t h e  l i q u i d  a t  t h e  bubble s u r f a c e  must 
be ze roe  
Since the bubble is symmetric w i t h  respect t o  t h e  z 
a x i s ,  the  normal t o  t he  s u r f a c e  l ies En a r8z plane w i t h  
28 
Bubble Croas Section 
Element of 
Surface Area 
i 
1 
Figure 3 .  Bubble Geomet 
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components given by 
where f b ( z )  i s  t h e  func t ion  which describes t h e  bubble 
su r face  in t h e  r , z  plane ,  See Figure 3 for  a ske tch  of 
t h e  bubble geometry and an element of su r face  area, dS, 
Denoting t h e  d i f f e r e n t i a l  force on dS due t o  t h e  normal 
viscous stress by dFv and assuming p o s i t i v e  i n  t h e  diree- 
tion of the  outward normal t o  the  bubble, 
where T~~ are t h e  components of t he  viscous stress t e n s o r  
i n  c y l i n d r i c a l  p o l a r  c so rd ina te s .  From ArPs[ l ]  fo r  axisym- 
m e t r i c  f l o w ,  the non-zero components are 
Then, w e  have 
dFv = dfb  
1 + (-1 dz 
L e t  dFSt be t h e  c o n t r i b u t i o n  of t h e  s u r f a c e  t ens ion  
forces i n  the  gas- l iqu id  i n t e r f a c e ,  These f o r c e s  are eom- 
posed of t h e  s u r f a c e  t e n s i o n  u p  m u l t i p l i e d  by t h e  length  
of an edge of dS times t h e  cos ine  of t h e  angle between t h e  
normal to dS and the s u r f a c e  t ens ion  forces along t h e  edge 
i n  ques t ion ,  
But 
-1 dfb  8 = tan (r) 
d2 fb  
t h e r e f o r e ,  
a2 f b  7 
Since 
equation ( 4 3 )  becomes 
The two terms in brackets may be recognized to be %he re- 
ciprocals of the curvature of the bubble surface, the first 
is the reciprocal of the radius in &he r o z  plane and the 
second is the reciprocal of the radius in the plane con- 
taining s and lying perpendicular to the rpz plane, 
Combining ( 4 2 )  and (44) and adding in the internal 
and external pressures, the condition for the equilibriurh 
of normal forces at the bubble surface becomes 
d" fb 
j- -z 
Replacing the velocity components with the stream function, 
nondimensionalizing and transforming to X,Y coordinates 
c 
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yields : 
2 - FB(X)FD(X) 
a2s 
FD (x) F B ~  (x) ay FB (x) F D ~  (XI ay2 
- -  as ;e -4- 1 -E -  
where 
where WN is the Weber number, 
Referring to Figure 3 ,  the tangent to t he  bubble sur- 
face will be assumed to be positive if the angle between % 
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and t h e  z axis  i s  between -90 and 90  degrees ,  
The  t a n g e n t i a l  shear ing stress a t  the  bubble s u r f a c e  i n  
the  r,z plane  i s  denoted by Tnt and may be w r i t t e n  
= T  n t ( 4 8 )  *nt i j  i j 
T h e  components T are i d e n t i c a l l y  zero s i n c e  t h e  flow is  
axisymmetric. Using equat ions ( 4 1 )  8 (39) and (47) the  
above express ion  may be w r i t t e n  ou t  e x p l i c i t l y  , 
n@ 
A f t e r  t h e  stream func t ion  i s  s u b s t i t u t e d  i n t o  equat ion  ( 4 9 )  
for  v e l o c i t y ,  and t h e  shear ing stress set  t o  zero, t h e  
nondimensional boundary condi t ion i n  t h e  X , Y  plane  be- 
comes 
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as ( - e  G a s ) }  -e 1 “j?fFET ax ay ax“- 
Pf t h e  su r face  t ens ion  forces become very Large com- 
pared t o  t h e  o t h e r  forces acting at t he  bubble s u r f a c e p  
the Weber number may be taken to be zero and a bubble w i l l  
be spherical a t  a l l  times, Equation ( 4 6 )  i n  its presen t  
fom is  n o t  s u i t a b l e  t o  be used as a boundary conditiom 
for t h e  bubble. Howeverp the! requirement t h a t  the bubble 
no t  change shaGe may be used to develop a condi t ion  on 
t h e  v e l o c i t y  d i s t r i b u t i o n  along t h e  bubble su r face  and 
t h e r e f o r e  a cond i t ion  0n t h e  stream func t ion  d i s t r i b u t i o n .  
L e t  v r/b and v 
su r face  r e l a t i v e  t o  the  bubble c e n t e r ,  If the bubble is 
not t o  change shape the  normal v e l o c i t y  a t  the su r face  
r e l a t i v e  to the  bubble c e n t e r  must be zero, This r equ i r e s  
t h a t  
be v e l o c i t y  components a t  t he  bubble z/b 
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where dfb i s  the  slope of t h e  bubble su r face .  This  
cond i t ion  would apply f o r  any shaped body which is no t  
changing shape, I f  t h e  bubble c e n t e r  is moving with  a 
v e l o a i t y  vT in the ax ia l  d i r e c t i o n ,  re la t ive to  a fixed 
observer#  t h e  v e l o c i t y  components, vg and vz,  at t h e  
surface, relative to a f i x e d  observer  become 
%/b 
vz = "T 4. ---a%-- 
vr = "r/b 
From 452) one o b t a i n s  
.L - dfb VT e3 vz 
dE 
L e t  VT be t h e  dimensionless t r a n s l a t i o n a l  v e l o c i t y  and 
using t h e  dimensionLess stream Bunckiorm, t h e  above 
equat ion  becomes 
as -P 48 az I T T = - - +  dFB e R -  R a R  az 
a 
Transforming t h i s  t o  X and 'SI coord ina tes  y i e l d s :  
453) 
(54 )  
P 
But on t h e  bubble surface 
so t h a t  equat ion  (55) reduces to 
as 
or 
dFl3 
-I as - FB(X),  v,, ax 
Since  S=O at each end of the bubble 0n t h e  c e n t e r l i n e ,  
the  stream func t ion  d i s t r i b u t i o n  on the  su r face  may be 
determined in t e r m s  of Va by inkegra t ing  equat ion  ( 5 6 ) .  
Howeverp since vT is unknown. an i t e r a t i o n  procedure will 
have t o  be used 
t o  determine V, 
between VT and the,liquid f i e ld  equat ions  
at. each t i m e  s t e p .  
I n i t i a l  Conditions 
Equation (22)  is t i m e  dependent and s i n c e  t h e  t h r e e  
equiPtzions (22), (23) and ( 2 4 )  are coupled, t h e  variables 
describkng the f l o w  fieEd w i l l  in g e n e r a l  be a func t ion  of 
t i m e .  Therefore, i n i t i a l  C?ondiltiOnS must be suppl ied  
for  the  s o l u t i o n  of t h e  f i e l d  equations. 
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One possible i n i t i a l  ond i t ion  Eo the f l o w  is es 
t i m e  zero r equ i r e  t h a t  the flow rate be a cons tan t .  This 
moun@s t o  an impuPsive sta~t and requires theoretica%ly 
i n f i n i t e  p re s su re  gradkents  -and v e l o a i t y  g rad ien t s  a t  the 
w a l l .  ]Howeverp t h i s  type  of s t a r t - u p  earn be approxi- 
mated numerical ly ,  although it bs no t  w e l l  s u i t e d  f o r  t h e  
case of flow w i t h  bubbles w i t h  a pres su re  boundary eondi- 
t i o n  s i n c e  t h e  r e s u l t i n g  nmerical  approximations to the 
pres su re  g rad ien t s  become very Parge, This in i t ia l .  con- 
d i t i o n  is appropr i a t e  when it is desired t o  s tudy tRe 
development of flow p a t t e r n s  with t i m e ,  s t a r t i n g  from rest. 
The technique is to set  the initial vorkiCr4ty t o  zero in 
the i n t e r i o r  a d  so lve  or  the  corresponding stream func t ion  
from equation 423)  Appliaakionm of the  boundary conditions 
a& t i m e  zero will r e su lk  in a region. sf concentrated v0r- 
t i c i k y  due to the  large velocity g rad ien t s  nea r  the  W a l l .  
Th is  s t a r t -up  f l o w  corresponds t o  a p o t e n t i a l  flow f i e l d  
w i t h  a viscous boundary l a y e r  nea r  the  w a l l ,  
A method for  s t a r t i n g  the s o l u t i o n  which is b e t t e r  
s u i t e d  to flows wim bubbles i s  t o  use an i n i t i a l  guess 
which is  close t o  a f u l l y  developed viscsus flow and which 
is cons t ra ined  to s a t i s f y  t h e  bubble boundary condi t ions .  
e case of a bubble w i t h  a p re s su re  boundary condi t ion  
t h i s  avoids t h e  l a r g e  p re s su re  gradiemts a s soc ia t ed  w i t h  
the impulsive s ta r t .  Also, s i n c e  the  motion of bubbles 
i n  a develo ed  viscous f low 3s of most in te res t , ,  t h e  time 
f o r  t h e  l i q u i d  flow t o  become fully developed i s  decreased. 
The i n i t i a l  guess used was an adap ta t ion  of Hadamard's 1 3 3  
s o l u t i o n  w i t h  the  stream funct ion  re ferenced  to t he  f i x e d  
w a l l  and ad jus t ed  so t h a t  the l i q u i d  boundary condi t ions  
a t  t h e  w a l l  were s a t i s f i e d ,  
III N U M E R I C X  METHODS 
The f i e l d  equat ions and accompanying boundary con- 
d i t i o n s  presented  i n  Chapter XI are hard ly  amenable to 
a n a l y t i c a l  s o l u t i o n s .  The flow i s  a func t ion  of three 
independent v a r i a b l e s ,  two s p a t i a l  coord ina tes  and t i m e ,  
and. t h e  p a r t i a l  d i f f e r e n t i a l  eguat;Bons are nonl inear  and 
coupled. Under t h e s e  condi t ions  it is proper to seek 
approximake s o l u t i o n s ,  
Since t h e  flow regime of i n t e r e s t  i s  k h a t  of Rey- 
nolds  numbers f r o m  zero up t o  appsoxPmate3iy t w o  hundred, 
based on average tube r ad ius  and average a x i a l  ve loc iky ,  
s i m p l i f i c a t i o n  of t h e  equat ions on hysicafl eonsidera- 
t i o n s  such as i s  done fo r  po tenk ia l  f low, viscous boundary 
Sayers and creeping flow is no t iposs ib l e .  Therefore ,  it 
is necessary ks use other approximation methods, 
During the course of the  i n v e s t i g a t i o n ,  cons iderable  
e f f o r t  w a s  d i r e c t e d  toward use of Galerk in ' s  method o r  some 
o t h e r  i n t e g r a l  technique such as t h e  so-called local goten- 
t i a l  concept [2], [6]. These approaches have the appeal  
t h a t  they cons ider  t h e  f l o w  f i e l d  as a whole rather than  
p o i n t  w i s e  and y i e l d  an approximate s o l u t i o n  based on 
minimization of a scalar variab3.e which is def ined  in 
t e r m s  of i n t e g r a l s  over t h e  independent variables,  
-39 - 
k 
UnfortunatelyB such a scalar may n o t  always have true 
phys ica l  s i g n i f i c a n c e ,  It w a s  found t h a t  t h e  use of t h e  
i n t e g r a l  techniques i n v e s t i g a t e d  f o r  t h i s  problem f e d  eo 
a great deal of complexity i n  t h e  eva lua t ion  of i n t e g r a l s  
and a p p l i c a t i o n  of boundary condi t ions ,  I n  f a c t ,  a s u i t -  
able i n t e g r a l  f s m u l a t i o n  for  the  bubble boundary condi- 
%ions w a s  nevex found. Even if t h i s  d i f f i c u l t y  could have 
been overcomeB it seemed t h a t  %he mathematical csmplica- 
t i o n s  involved i n  trying to apply t h i s  p a r t i c u l a r  method 
almost completely obscuredp rather thaw i l l u m i n a t e d o  
khe mechanics of the flow. For these reasons &his attack 
w a s  abandoned, 
Finite Difference Approximations 
A method which is  quite d i f f e r e n t  i n  concept frcn 
t h e  above in tegra l .  kechniques i s  the method sf f i n i t e  
d i f f e r e n c e  approximations,  T h i s  method replaces the 
contirmuous fBow f i e l d  w i t h  a set of discrete p o i n t s  and 
seeks to s a t i s f y  a set of algebraic equat ions  a t  each 
p o i n t  which are derived f r o m  the  d i f f e r e n t i a l  equat ions .  
The approximation premise i s  t h a t  t h e  t r u e  s o l u t i o n  to 
t h e  d i f f e r e n t i a l  equat ions  may be approached as c l o s e l y  as 
desired by kaking the disexe-ke p o i n t s  s u f f i c i e n t l y  close 
together, T h i s  premise is i n t u i t i v e l y  reasonable  and can 
be  mathematically proved fo r  Einear and some non l inea r  
p a r t i a l  d i f f e r e n t i a l  equa%ions, b u t  fo r  most non l inea r  
equat ions  has no t  been proved [ 8 ] ,  
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To apply f i n i t e  d i f f e r e n c e  approximations, a square 
network of mesh s i z e  H i s  superimposed on t h e  s e c t i o n  of 
the  transformed tube shown i n  Figure 2; bounded by t h e  
c e n t e r l i n e ,  t h e  w a l l  and t h e  two do t t ed  l i n e s  a t  each end 
of t h e  sec t ion .  
g e r  m u l t i p l e  of H w i t h  t h e  number of node p o i n t s  in the Y 
d i r e c t i o n  being M and t h e  number i n  t h e  X d i r e c t i o n  being 
N. Consider a t y p i c a l  p o i n t  i , j  as shown i n  Figure 4 .  I f  
S(Y,X)  i s  a continuous functicna of Y and X having continu- 
first and second d e r i v a t i v e s  i r t  t h e  region of i n t e r e s t ,  
us ing  !Caylor series eTpansions, it may be e a s i l y  shown [ 4 ]  
that  
The dimensions were chosen t o  be an i n t e -  
9 O ( H 2 )  as - ' i+l , j  - %-l, ia y -  2H 
. - 2si . a %  ' i+l,j + 'i-l,J 
5F= H 2  " 14- S ( H 2 )  
- 
9 0 (H2) 
- 2s i  . 
'i, ji-1 'i, j-1 
2 H  - - -  as ax 
a2s 'i,j+l + S i p j - n  ' 3  t O ( H 2 )  axT= H2 
( 5 '7) 
where O ( H 2 )  i n d i c a t e s  t h a t  t h e  t e r m s  no t  w r i t t e n  out are 
of the  order H squared. By t r u n c a t i n g  the second order 
terms i n  the  equat ions (511, t he  w e l l  known c e n t r a l  d i f -  
fe rence  approximations t o  first and second d e r i v a t i v e s  
are obtained [ 4 ] .  
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X 
Figure! 4 ,  Typical F i a h t e  Difference 
Grid Point  
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In some cases central difference approximations cannot 
be used since some of the required points fall outside the 
boundaries of the problem. 
is the use of reflection points outside the boundaries, 
Another technique is to use one-sided differences. The 
backward difference approximations of error order H squared 
axe 
One method of dealing with this 
and the foxward difference expressions of the same error 
are 
with derivatives with respect to X given by analogous ex- 
pressions [ 41 e 
Difference Eauations for Steadv State' Solutions 
For flow of a liquid only in a wavy wall tube, a 
steady state flow pattern may be produced for a certain 
range of flows. In order to investigate such a flow, the 
4.4 
first term is dropped from equation (22) so that time no 
longer appears in the equations (22) and (23) or their  
associated boundary conditions. Sn the absence of any 
bubbles, FB(X) is identically zero along with its first 
and second derivatives anq 
FD(X) FW(X) 
The expressions for G(X,Y) and its derivatives in (21) 
in the absence of bubbles are simplified to 
FW' (X) G(X,Y) =: Y 
YFW" (X) + G(X,Y)FW' (X) 
FW (X) = -  
aG (XtY) 
ax 
The transformed equations of motion for steady state flow 
may be written 
2 a2w a2w aw a2w ' + G 1 7  + -+(G,+GG )- f 2~ - FW2 (X) ay ax2 Y ay axay [ 
l a  - W m a  _1 W as as 
aY [YFW (X) 1' m2 (x) aY [YFW(X) 1 (ax G%?) ((jl) + FW2 (X) 
RN - - + + - - - - ) = O r  as(aw aw 
YFW2(X) ay ax au 
a2s a2s ' = 'ufi.w(xT -1 + G 2 1 p  + 
Cent ra l  d i f f e r e n c e  approximat ims  may be used t o  form t h e  
d i f f e r e n c e  equat ions from (61) and (62) .  
WDY 
2H F.W2(X) ) +  
I + wi- l , j - l  
'i-1, j + l  
' I  1 - , j + l  - s.  i , j -1  . + G(Si+l t j  ' i - l , j  WDY [Si RN 4H2FW2 (X) + 
where 
and from (62)  w e  have 
Equations ( 6 3 )  and (64) r e p r e s e n t  2 (M-2) (N-2)  algebraic 
and Wi a t  each i n t e r n a l  node po in t .  
I j  
equat ions  f o r  Si 
With t h e  a v a i l a b i l i t y  of high speed d i g i t a l  computers, t h e  
most e f f i c i e n t  method of s o l v i n g  such a l a r g e  number of 
equat ions i s  i t e r a t i o n .  To  p u t  (53) and ( 6 4 )  i n  s u i t a b l e  
f o r m  fo r  i t e r a t i o n ,  equat ion  
equat ion ( 6 4 )  for  S i l j .  Th i s  i s  no t  t he  approach suggested 
by the  d i f f e r e n t i a l  equat ion ,  b u t  is  used s i n c e  S 
not appear e x p l i c i t l y  i n  equa t ion  (63)  I b u t  Wi, 
i t e r a t i o n  equat ions  are 
and ,j ( 6 3 )  is  solved f o r  Wi 
does 
i, j 
does. The 
c 
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1 1 + G2 + 11 Wilj= 9 G2]. [FW2 (X) [FW2 (X) 
(66) 
+ Y H2 FW(X) Wilj ~ 
The i t e r a t i o n  procedure w a s  t h e  Gauss-Seidel method with a 
r e l a x a t i o n  parameter [ 8 ] .  The Gauss-Seidel method uses 
improved va lues  f o r  t h e  unknowns a t  t h e  node p o i n t s  i n  t h e  
i t e r a t i o n  scheme whenever they become available. That  i s ,  
i f  t h e  f i e l d  i s  being swept i n  t h e  d i r e c t i o n  of inc reas ing  
i and j ,  then a t  a p o i n t  i , j ,  f o r  t h e  k-th i t e r a t i o n ,  the 
values  used at i - l , j  and i , j - l  are from t h e  k-th i t e r a t i o n  
and t h e  values  used a t  i + l , j  and i f j + l  a r e  from t h e  (k-1)-th 
i t e r a t i o n .  The use of a r e l a x a t i o n  parameter means t h a t  i f  
i s  the  va lue  a t  k , j  from t h e  k-th Gauss-Seidel itera- ' * i , j  
i s  k t i o n ,  then the  va lue  taken for Si 
k-1 SiIj k = w s; +(l-w)si , 
I j  I j  (67)  
k-1 
and w i s  t h e  re- 
I j  
where S i s  the  previous va lues  of Si 
i I j  
l a x a t i o n  parameter. I f  w i s  less than  u n i t y ,  t h e  process  
i s  called under r e l a x a t i o n ,  i f  w is  greater than  u n i t y  it 
is  called over  r e l a x a t i o n .  Since t h e  equat ions are non- 
l i n e a r  no at tempt  w a s  made t o  aetermine w a n a l y t i c a l l y .  
T h e  va lues  used were determined by t r i a l  and error with 
s h o r t  computer runs.  
Difference Equations f o r  Time-Dependent SoLutionE; 
I f  t h e  f i r s t  term of equat ion (22) is  r e t a i n e d ,  it 
is necessary t o  make an approximation t o  t h e  p a r t i a l  de- 
r i v a t i v e  of v o r t i c i t y  wi th  r e s p e c t  t o  t i m e *  One method lis 
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t o  use c e n t r a l  d i f f e r e n c e s  wi th  r e s p e c t  t o  t h e  t i m e  s t e p s  
so t h a t  
P+l  P-1 P W i , ’  - w i , .  
2E (68) 
where t h e  s u p e r s c r i p t  i n d i c a t e s  t h e  number of t h e  t i m e  
s t e p .  The o t h e r  terms i n  equat ion (22) could then  b e  ap- 
proximated by c e n t r a l  d i f f e r e n c e s  with r e s p e c t  t o  t h e  spa- 
t i a l  v a r i a b l e s ,  a t  t h e  p-th t i m e  s t e p .  
p o s s i b l e  t o  solve for W p+l e x p l i c i t l y  i n  t h e  form 
i t j  
I t  would then  be  
where E i s  t h e  s i z e  of t h e  dimensionless t i m e  s t e p ,  and 
r i f j  
ad jacen t  p o i n t s .  This  procedure y i e l d s  t h e  va lues  of vor- 
t i c i t y  a t  t h e  ( p + l ) t h  t i m e  s t e p  based upon t h e  va lues  of 
v o r t i c i t y  a t  p-1 and p and S a t  p. The va lues  of S a t  p + l  
could then  be determined fxom equat ion  (66). I t  has been 
shown t h a t  i n  order f o r  t h i s  e x p l i c i t  method of i n t e g r a t i o n  
i n  t i m e  of p a r a b o l i c  t ypes  of equat ions  t o  be stable, t h e  
maximum t i m e  s t e p ,  i s  of t h e  form 
P P  ( S  ,W ) is  a func t ion  of values  of S and W a t  i , j  and 
= AH2 
where X is  a parameter which depends upon t h e  exact form of 
t h e  p a r t i a l  d i f f e r e n t i a l  equat ions  [15], [ 5 ] .  This  re- 
s t r i c t i o n  means t h a t  i n  p r a c t i c e  it would be necessary t o  
take a t i m e  s t e p  sma l l e r  than AH2 i n  order t o  be conserva- 
t i v e ,  This  r e s t r i c t i o n  is n o t  a proper ty  of t h e  p a r t i a l  
d i f f e r e n t i a l  equat ions d i r e c t l y ,  b u t  occurs  because t h e  
numerical approximatioh scheme is  e x p l i c i t  with r e s p e c t  t o  
t i m e  
I f  an i m p l i c i t  method on t i m e  is  usedl  t h e  s t a b i l i t y  
c r i t e r i o n  i s  much less s t r inge f i t  and for some cases t h e  
method may be uncondi t iona l ly  stable. I n  f a c t ,  t h e  optimum 
t i m e  s t e p  f o r  an i m p l i c i t  method is  approximately t h e  same 
as  t h e  m a x i m u m  t i m e  s t e p  i n  the e x p l i c i t  method [12] .  Also, 
t h e r e  i s  an i n d i c a t i o n  t h a t  an i m p l i c i t  method can more 
t r u l y  reproduce the  n o n l i n e a r i t i e s  of t h e  l i q u i d  flow [ 3 3 ] .  
An i m p l i c i t  method which w a s  p resented  and used by 
Thompson [33] w a s  used i n  t h i s  study. It  has t h e  advantage 
of being simple enough t o  be e a s i l y  used fo r  computer cal- 
c u l a t i o n s  and s t i l l  r e t a i n  t h e  i n h e r e n t  advantages of i m -  
p l i c i t  methods. For t h i s  case, w e  use  a backward d i f f e r e n c e  
approximation t o  t h e  p a r t i a l  deeivative with r e s p e c t  t o  
t i m e  which has an error of order E2. 
P P-J- P-2 
3wi - 4wi . + wi . P ,I ? I  ,I aw i,i 
2E - aT 
Introducing t h e  fol lowing abbrevia t ions  
FD(X) = D i D  
FW(X) = D i V  
and using c e n t r a l  d i f f e r e n c e  approximations t o  t h e  spa t ia l .  
d e r i v a t i v e s  w i t h  G(X,Y) and i t s  d e r i v a t i v e s  given by (21), 
equat ion (22) i s  approximated by 
P-1 P-2 3wi . - 4wi . + wi . + - ‘i, j-1 ?I ?I ?I - 2E 
- 2wi + K ( G , + G G ~ ) *  
, j + l  + ‘i 4-1 . ,j 2 + H*WDY 9 wi 2 D i D  
+ ‘i-lIj-l b 
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where t h e  q u a n t i t i e s  without  s u p e r s c r i p t s  are a t  t h e  p-th 
t i m e  s t e p .  Solving t h i s  equat ion f o r  Wi 
I j  
P-1 P-2 
4E (1 +.- 1 + G ~ ) I w ~ , ~  4 W i I j  ' i I j  D i D '  [ 3  + - H 2 R N  
H WDY +-(G,+G~G) H e 
'i-1 I j ) + 2 D i D  + 'i,j+l + 'i.,j-l 2 
From equat ion  (74)  it may be seen  why t h i s  method i s  c a l l e d  
i m p l i c i t ,  t h e  va lues  of v o r t i c i t y  a t  i , j  f o r  t h e  p-th t i m e  
s t e p  depend upon t h e  values  a t  t h e  t w o  previous t i m e  s t e p s  
and stream funct ion  and v o r t i c i t y  a t  t h e  p-th s t e p ,  There- 
f o r e ,  an i terat ive procedure on.khe t i m e  i n t e g r a t i o n  as w e l l  
as t h e  s p a t i a l  i s  needed. Using c e n t r a l  d i f f e r e n c e s  on 
equa-tion ( 2 3 )  w e  f i n d  t h a t  
It should be noted that the equations of motion in 
this problem have been reduced to only one Cime-dependent 
equation and a coupled equation in which time does nod 
appear explicitly. The incompressibility of the liquid 
flow made this possible. In other types of f l u i d  flow, 
where such a simplification cannot be made, the implicit 
methods may not have the advantage that they do in this 
problem. 
Difference Equations for Pressure C a l c u l a t i o n s  
Equation (24) may be approximated also uping central 
differences. Let 
- 
'i+l, j 'i-1, j SY = 
- 'i,j-l i,ji-l. sx = s 
SZ = SX + G 9 SY 
S Z Z  = SXX + 5 H(G,+GGy)SY f & G * SYX 9 G2SYY 
SYZ = SYX + 2HGy*SY + 4GeSYY 
From equation (24) then we get 
= (- ’ + ~ 2 )  (Bi+l, j + Bi-l,j) 2(1 f - DiD2 1 -I- G ~ ) B ~ , ~DiD2 
G G ~ )  
+1, j-1 
(SY) ( S Z Z )  2(SYY) ( S Z Z )  + (SYZ) + 
8H2 (DiY) (DiD) H (DiY) (DiD)- H2 (DiY) * (DiD) 
Finite Difference Form.of Liqufd Boundary..Conditions 
The boundary conditions for the liquid phase not 
adjacent to the bubble are the same for steady state and 
time-dependent solutions. In the X,Y plane 
i = 1 at the centerline 
i = M at wall 
j = l a t X = O  
j = N  at X =  2C. 
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T h e  numerical form of the  condi t ions  ( 2 6 )  tin the X v Y  
plane become 
where the  s u b s c r i p t  0 co r re sponds . to  an imaginary grid l i n e  
a d i s t a n c e  H below the c e n t e r l i n e .  
The periodic end condi t ions  (27)  are 
= s  i,l i ,N 
= w  
s 
i,l ii ,N 
W 
- - 
'i,Q - ' i , N - l  
' i , O  - ' i , N - l  
' i , N + l  - si,2 
W i , N + L  .- ' i , 2  
- - 
( 7 9 )  
where t h e  s u b s c r i p t s  0 and N + 1  correpond to imaginary 
gr id  l i n e s  a d i s t a n c e  H past t h e  end boundaries. 
A t  t h e  wall i n  t he  X , Y  plane  t h e  f i n i t e  d i f f e r e n c e  
forms of condi t ions  (28) are 
The values of pressure along the boundaries in the 
X,Y plane may be determined by numerically integrating the 
expressions (301, (36) and (38) and assuming an arbitrary 
fixed pressure at 0,O. From equation (30), f o r  calcula- 
tions along the centerline we get 
P'l P-2) 
EH2 (DiD) ( 3s2 t j  - 4s2,j + '2,j 
1 
e 
ap ax = FZ 
For steady state solution, the second term will be iden- 
tically zero. Along the wall, an approximation to (36) is 
needed. 
At the ends,  X = 0 and X = 2C, some of the quantities in 
(76) must be redefined such that 
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sx = si,2 ' i , N - l  
, j  
sxx s i , 2  S i , N - l  - 2 s i  
SYX = - ' i-1,2 ' i + l , N - l  + ' i - 1 , N - 1  
( 8 3 )  
, w i t h  t h e  other q u a n t i t i e s  remaining the same, The f i n i t e  
d i f f e r e n c e  approximation t o  equat ion (38) then  may be 
w r i t t e n  as 
( D i D )  (SZI2 
4 H 2  ( D i Y )  
P-1 P-2 I 
Si-l,j) + S i + l , j  
F i n i t e  Di f fe rence  Form 0.f Bubble Boundary Conditions 
Since i n  t h e  X,Y plane ,  t h e  bubble i n t e r f a c e  i s  a 
l i n e  segment on t h e  X a x i s ,  it is  convenient to r e d e f i n e  
the symbols used i n  (76) as 
sz = sx + G 9Y 
SZZ = SXX + +j H(G,+GGy)SYS+ +j GeSYX f G2SYY 
SYZ SYX + 2HGyST + 4G SYY 
T h e  f i n i t e  d i f f e r e n c e  form of equat ion  ( 4 6 )  then i s  
1 J .  d - e-- + -3 + P i , j  - Pin  WN[P, p 2  
SY SYY 
+ 2'2H(DiY) 
T h i s  equat ion y i e l d s  t h e  pressure  in t h e  l i q u i d  a t  t h e  
bubble surf ace 
Since equat ion  (24) must also be s a t i s f i e d  a t  t h e  
bubble surface a f i n i t e  d i f f e r e n c e  form of t h i s  equat ion  
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can be used t o  so lve  for  t h e  s t ream funct ion  a t  t h e  
bubble su r face .  Forward d i f f e r e n c e  approximations t o  
d e r i v a t i v e s  wi th  r e s p e c t  t o  Y must be used. Since t h e  
p re s su re  a t  t h e  bubble su r face  i s  determined a t  t h e  
s u r f a c e  by equat ion (86) , a q u a d r a t i c  algebraic equat ion  
for  Si r e s u l t s .  See t h e  appendix fo r  development of 
t h i s  express ion  and forms fo r  A1, B1 and C1. 
,j 
The zero shear ing  stress cond i t ion  a t  t h e  bubble 
s u r f a c e ,  equat ion  ( S O ) ,  will be s a t i s f i e d  by making t h e  
usua l  f i n i t e  d i f f e r e n c e  approximations and then  s o l v i n g  
fo r  S2 f r o m  the  r e s u l t i n g  algebraic equat ions.  Thus 
w e  ob ta in  
dFB - SXX - 4 GeSYX] [I .l (ax)'] = 0 
and from this, - .  
where 
8G H 20G 4HG dFB 1 -+ [ 5 ( 7  - G2) 
A2 = [&- - - m ] d X  DID 
dFB 
+ 2 H ( D i Y a D i D  1 + G, + G y G ) ]  [l - ( T I 2 ]  
.. 
T h e  v o r t i c i t y  a t  the bubble surface can be calcu- 
Lated using forward di f ferences  i n  equation (23), 
For a completely spherical bubble i n  which s u r f a c e  
t e n s i o n  forces are very large, t h e  p re s su re  boundary con- 
d i t i o n  (86) is  n o t  s u i t a b l e  and the p res su re  need n o t  
e n t e r  t h e  c a l c u l a t i o n s  e x o l i c i t l y .  The stream func t ion  
d i s t r i b u t i o n  on the  bubble s u r f a c e  is s p e c i f i e d  i n  t e h s  
of t h e  t r a n s l a t i o n a l  v e l o c i t y  of the  bubble according t o  
equat ion  ( 5 6 ) .  Therefore, for  t h i s  case, equat ion  (87)  
must be replaced by an i n t e g r a t i o n  along the  bubble i n  t h e  
X,Y plane. 
A t  g r i d  p o i n t s  n o t  a t  e i ther  end bf the  bubble 
C H VT FB(Z-H/2) FB(Z-H/2) ,  ' l , j  - '1,j-l (91) - 
where VT is the  t r a n s l a t i o n a l  v e l o c i t y  of the  bubble. 
A t  each end of the bubble, s p e c i a l  formulas are needed 
when t h e  bubble does n o t  end oli a 'grid l i n e .  
end of the  bubble nea re r  t h e  o r i g i n  of the  axes, for t he  
first g r id  p o i n t  on t h e  bubble 
A t  the 
where ( l-a) i s  t h e  f r ac t ion  of one g r i d  width between 
t h e  p o i n t  i n  ques t ion  and t h e  end of t h e  bubble. 
(92) takes i n t o  account the  fact  t h a t  on the  c e n t e r l i n e  
S=O. At the  other end of the  bubble,  fo r  the  l a s t  g r i d  
p o i n t  on t h e  bubble,  
Equation 
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where ( 1 - B )  is the fract ion of a gr id  width between the 
point  i n  quest ion and the end a€ the  bubble, 
equation (93) includes the effect of S-0 on the centerf ine ,  
Again, 
IV COMPUTER SOLUTIONS TO DIFFERENCE EQUATIONS 
Three b a s i c  computer programs were used t o  s o l v e  t h e  
d i f f e r e n c e  equat ions  i n  Chapter 111. These programs were 
w r i t t e n  f o r  (1) t h e  s t eady  s ta te  flow of l i q u i d  only ,  
(2) t h e  time-dependent flow of l i q u i d  only and ( 3 )  t h e  
time-dependent flow of l i q u i d  conta in ing  gas bubbleso 
For t r an  I V  coding w a s  used and t h e  programs run on t h e  
Universi ty  of Alabama’s IBM 360 Model 50 computer and t h e  
UNIVAC 1108  located a t  t h e  Universi ty  Research I n s t i t u t e  
i n  Hun t sv i l l e ,  v i a  t h e  remote t e rmina l  a t  t h e  Tuscaloosa 
campus. 
Steady S t a t e  Program 
Figure 5 i s  a f lowchart  for: t h e  s teady  s t a t e  program. 
The c a l c u l a t i o n s  were started by reading t h e  parameters 
governing t h e  f l u i d  flow, t u b e  geometry and numerical  g r i d  
and making an i n i t i a l  guess f o r  S and W which w a s  similar 
t o  t h a t  of f u l l y  developed laminar flow i n  a t u b e .  Gauss- 
Seidel  i t e r a t i o n  w i t h  a r e l a x a t i o n  f a c t o r  w a s  then  used 
t o  i t e r a t e  t o  a s teady  s ta te  s o l u t i o n  when p o s s i b l e ,  With 
a converged s o l u t i o n  f o r  S and W, t h e  p re s su re  and ve loc i -  
t i es  were calculated from subprograms. The d a t a  were then  
p r i n t e d  i n  tabular  form and as p l o t s  drawn using s p e c i a l  
-63- 
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I no 
Yes 
Eqn, 73 
c 
I n t e r n a l  
P o i n t  
Eqn, 59,60 
Figure $a. Flowchart for Steady State Program 
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Figure 5b. Flowchart for Steady State Program (const) 
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r o u t i n e s  f o r  t h e  s tandard  on-l ine p r i n t e r s .  To improve 
the  e f f i c i e n c y  of t h e  c a l c u l a t i o n s ,  for a fixed tube  geo- 
metry and grid s i z e ,  calculations fo r  several d i f f e r e n t  
Reynolds numbers were made during one computer runo  For 
a l l  Reynolds numbers af ter  t h e  f irst ,  t h e  flow f i e l d  for  
t h e  pxevious Reynolds number w a s  used as a guess f o r  ge t -  
t i n g  the  next  i t e r a t i o n  s t a r t e d .  Typical  run t i m e s  on 
t h e  IBM machine f o r  a p a r t i c u l a r  s o l u t i o n  w i t h  a g r i d  
mesh of 11 by 2 1  were from t h r e e  t o  f i v e  minutes. 
Time-Dependent Program 
A f lowchart  f o r  t h e  program fo r  time-dependent flow 
without  gas bubbles i s  given i n  Figure 6. The usua l  
method of s t a r t i n g  the  c a l c u l a t i o n s  i n  t h i s  case was t o  
assume t h a t  fo r  t i m e  less than  zero t h e  f l u i d  w a s  a t  rest 
and a t  t i m e  zero r e q u i r e  the f lowra te  t o  be a constant., 
Since the  f l u i d  was i n i t i a l l y  at  rest, t h e  flow w a s  every- 
where f r k o t a t i o n a l  a t  t i m e  ze ro ,  except  a t  the  w a l l .  T h i s  
means t h a t  t he  i n i t i a l  v o r t i c i t y  would be everywhere zero 
except  a t  t h e  w a l l  where a reg ion  of concentrated v o r t i c i t y  
would e x i s t  due t o  t h e  no s l i p  condi t ion .  I n  t h i s  type 
of s t a r t - u p ,  t h e  main flow fiead is  p o t e n t i a l  w i t h  a vis- 
cous boundary l a y e r  nea r  t h e  n a i l  which grows u n t i l  a 
f u l l y  developed v iscous  flow E i b l s  the  e n t i r e  tube.  T h e  
advantage of t h i s  type  of i n i t i a l  condi t ion  i s  t h a t  it i s  
phys ica l ly  reasonable  and t h a t  i n  t h e  computer program one 
t 
I n i t i a l  
Setup 
I n t e r n a l  
p t ,  Eqn, 
68169 r71 
F igure  6a. Time-Dependent program fo r  Liquid  Flow Only 
Increment 
P l o t s  and 
Veloc i ty  
Routines 
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Figure  6b, Time-Dependent Program for Liquid 
Flow Only (con @ t) 
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simply sets t h e  v o r t i c i t y  t o  zero  i n  t h e  main f i e l d  and 
a t  t h e  w a l l  c a l c u l a t e s  t h e  v o r t i c i t y  by equat ion ( 8 9 ) .  
I t e r a t i o n  on t h e  t i m e  i n t e g r a t i o n  as w e l l  as t h e  spa- 
t i a l  i n t e g r a t i o n  w a s  requi red  because t h e  d i f f e r e n c e  equ- 
t i o n s  w e r e  i m p l i c i t  on t i m e .  T o  speed up the  convergence 
process ,  Gauss-Seidel i t e r a t i o n  with a r e l a x a t i o n  parameter 
w a s  used. Also a v a r i a b l e  t i m e  s t e p  w a s  used [5]. When 
t h e  number of i t e r a t i o n s  r equ i r ed  f o r  convergence a t  a 
given t i m e  s t e p  w e r e  less than  an a r b i t r a r y  number, 
u sua l ly  t w o ,  t h e  t i m e  s t e p  w a s  doubled. When it w a s  
greater than  an a r b i t r a r y  number, u sua l ly  twenty-five,  
t h e  t i m e  s t e p  w a s  halved. 
Sknce t h e  IBM machine was more a c c e s s i b l e  t h a n  t h e  
UNIVAC, al though considerably slower, these runs w e r e  made 
on t h e  IBM machine i n  shor t  blocks of approximately 
twenty minutes by s t o r i n g  the  tdata a t  t h e  end of one run 
on a direct access d i s k  and r e s t a r t i n g  a t  t h a t  p o i n t  w i t h  
t h e  next  run. Using t h i s  method, approximately one hour 
of running t i m e  w a s  needed t o  reach a reasonably s t eady  
state w i t h  1l by 2 1  g r i d  mesh, T h e  d a t a  w e r e  p r i n t e d  a t  
s e l e c t e d  t i m e ’ s  i n  t h e  form of t a b u l a t e d  d a t a ,  s t r eaml ine  
and v e l o c i t y  p l o t s .  
Bubble Proaram 
The c a l c u l a t i o n  of f l o w s  w i t h  gas  bubbles inc ludes  
a l l  of t h e  f e a t u r e s  of t he  time-dependent c a l c u l a t i o n s  
described i n  t h e  previous s e c t i o n  w i t h  t h e  a d d i t i o n a l  
requirements tha t  t h e  bubble boundary condi t ions  be 
sat isf ied and the  l o c a t i o n  of the bubble be determined by 
i n t e g r a t i h g  the  v e l o c i t y  i n  t i m e .  For t h e  c a l c u l a t i o n s  i n  
which t h e  p re s su re  boundary condi t ion  was used for  t h e  
bubble,  the  p res su re  f i e l d  w a s  cakulated along w i t h  
t h e  stream func t ion  and v o r t i c i t y .  Figure 7 i s  a Elow- 
chart of t h e  computer program t o  Derform the c a l c u l a t i o n s .  
As i nd ica t ed  i n  Figure 7 ,  the c a l c u l a t i o n s  for  p o i n t s  
away from t h e  bubble are t h e  same as fo r  time-dependent 
flow without  bubbles 
9he c a l c u l a t i o n s  on the bubble su r face  were performed 
from separate subprograms. Figure 8a is a Elowchart fo r  
t h e  c a l a u l a t i o n s  using t h e  pressure  boundary condi t ion .  
The p re s su re  i n s i d e  w a s  caleulatibd from equat ion ( 8 6 1 ,  
us ing  t h e  p re s su re  i n  t h e  l i q u i d  a t  the t a i l  of the bubble 
which w a s  known from the  i n t e g c a t i o n  of equat ion ( 8 1 ) .  
At the  no$e a reverse Drocess was used, s i n c e  the p res su re  
i n s i d e  the  bubble w a s  cons t an t ,  t o  o b t a i n  the  p res su re  i n  
the  l i q u i d  a t  the c e n t e r l i n e  so t h a t  the i n t e g r a t i o n  of 
equat ion (81) could continue. The p res su re  stream 
f u n c t i m  and v o r t i c i t y  near  the bubble w e r e  c a l c u l a t e d  
from eqlaations ( 8 6 ) ,  ( 8 7 ) ,  (89 )  and (90) a s  described i n  
Chapter 'SIX, 
Figure 8b is  a flowchart fo r  the  bubble su r face  
subprogram us ing  t h e  v e l o c i t y  boundary condi t ion  f o r  a 
sFher ica1  bubble, The t r a n s l a t i o n a l  v e l o c i t y  of the 
Increment 
R e s e t  
Field 
Indices 
Figure 7a. Flowchart  for Main Bubble Program 
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Figure 7b. Flowchart for Main Bubble Program (con't) 
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Figure 8a. Flowchart for Bubble Surface Subprogram 
with Pressure Boundary Condition 
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Figure 8b. Flowchart fo r  Bubble Surface Sub- 
program w i t h  Veloci ty  Boundary Condition 
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bubble w a s  obtained by t ak ing  the average of the v e l o c i t y  
ca l au la t ed  a t  t he  end of t h e  bubble. The streatn func t ion  
d i s t r i b u t i o n  i n  the  l i q u i d  flow one g r i d  width away from 
the  c e n t e r l i n e  w a s  l i n e a r l y  ex t r apo la t ed  to each end of 
the  bubble t o  determine these v e l o c i t i e s .  Since the  flow 
p a t t e r n  was q u i t e  d i f f e r e n t  a t  the t w o  ends of the bubble,  
these v e l o c i t i e s  d i d  n o t  agree i n  gene ra l ,  T h i s  i s  a 
l i m i t a t i o n  of t h e  f i n i t e  d i f f e r e n c e  approximations and 
t h e  t ranslat ional  v e l o c i t y  was assumed t o  be the average of 
t h e  two, From t h i s  va lue  of t h e  t r a n s l a t i o n a l  v e l o o i t y ,  
the stream funct ion  on t h e  bubble su r face  was obtained,  
The i t e r a t i o n s  were c a r r i e d  0u.t: u n t i l  agreement between t h e  
bubble boundary condi t ions  the  t r a n s l a t i o n a l  v e l o c i t y  
and t h e  l i q u i d  f l o w  was obtained.  
Because of the n a t u r e  of t h e  t ransformation used,, 
it w a s  nedessary t o  keep a bubble Pos i t ioned  so t h a t  n e i t h e r  
end was very close t o  a g r i d  l fnE,  T h i s  was accomplished 
i n  the computer programs by l e t i 5 n g  the  bubble move only 
i n  specifked inc reqen t s  and. choosing t h e  bubble r a d i u s  
c o r r e c t l y .  B e s t  r e s u l t s  were obtained by tak ing  the incre-  
ment a s  one g r i d  width. The bubble w a s  no t  allowed t o  move 
u n t i l  t h e  i n t e g r a l  of t h e  v e l o c i t y  i n  t i m e  became equal  t o  
or  greater than the specified increment. A f t e r  the  bubble 
was moved t o  a new ~osition, t he  i n t e g r a l  OH disolacement 
func t ion  was reduced by the  bubble increment and allowed t o  
b u i l d  uy? again  u n t i l  t he  next  bubble incrementr The number 
of t i m e  s t e p s  between bubble increments va r i ed  from t h r e e  
t o  seven, depending upon t h e  t r a n s l a t i o n a l  velocity,  
T o  improve t h e  convergence of the c a l c u l a t i a n s  for 
t h e  case of the p res su re  boundary condi t ion  on t h e  bubble 
a s p e c i a l  i t e r a t i o n  procedure was used, T h e  method used 
was t h a t  a t  t he  beginning of a given t i m e  incrementl  i n -  
c luding the first,  the va lues  for  stream func t ion ,  S, on 
the bubble s u r f a c e  were held f ixed  u n t i l  the rest of the  
f i e l d  converged by i t e r a t i o n .  Then the va lues  of S on the 
bubbles were re l axed  t o  be compatible w i t h  the  rest of the 
f l o w  field. F i n a l l y ,  the  s tandard  Gauss-Seidel i t e r a t i o n  
method was used u n t i l  convergence was obtained. Then t i m e  
w a s  advanced, and the  above procedure repeated. 
V RESULTS 
The func t ion  which describes the shape 0f the tube 
has been assumed t o  be a genera l  continuous p e r i o d i c  
func t ion  of the d i s t a n c e  along the tube  axis, Howeverp 
for  the numerical computations i n  t h i s  s tudy the par t i -  
cular €unction used w a s  
F B ( 2 )  =: l - A  COS(TZ/C) 
w i t h  t h e  va lue  of C taken t o  be one. 
of A, d i f f e r e n t  degrees of "waviness" could be obtained.  
Although data w e r e  obtained fo r  va lues  of A from zero  t o  
one-half ,  t h a t  presented i n  t h i s  chapter  are for A=0.25@ 
excepb foe some bubble r e s u l t s  for  A=O. This degree o€ 
waviness was chosen a r b i t r a r i l y  s i n c e  the  q u a l i t a t i v e  
a spec t s  of the f l o w s  do no t  change w i t h  v a r i a t i o n s  of A 
i n  t h e  reg ion  i n v e s t i g a t e d  and more meaningful. comparisons 
can be made by using the  same va lue  of A. 
By varying t h e  va lue  
Steady State  Flow 
Figures  9 ,  1 0  and 11 are s t r eaml ine  p lo ts  f r o m  a 
s tandard  d i g i t a l  p r i n t e r  w i t h  s t r eaml ines  drawn i n  by 
-77 - 
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hand, The subrout ine  which generated t h i s  ou tput  used 
l i n e a r  i n t e r p o l a t i o n  t o  f i n d  t h e  Location of s p e c i f i e d  
va lues  of stream funct ion ,  A unique d i g i t  was used fo r  
each s t r eaml ine  although t h e  d i g i t  does n o t  n e c e s s a r i l y  
have any r e l a t i o n  t o  t h e  va lue  of stream funct ion .  
Figures  9 ,  10 and l P  show t h e  effect of i nc reas ing  
Reynolds number on s teady  s ta te  s o l u t i o n s  f o r  a f i x e d  tube 
geometry. For s u f f i c i e n t l y  l o w  Reynolds number, t h e  f l o w  
i s  completely a t t ached  everywhere i n  t h e  tube as shown i n  
Figure 9* Although t h e  Reynolds number i s  only 5 i n  t h i s  
casep the  flow p a t t e r n  is s l i g h t l y  unsymmetrical, showing 
t h e  e f f w t  of f l u i d  i n e r t i a .  
Xn ‘Figure 18 a sepa ra t ed  flow reg ion  has developed 
i n  the diverg ing  s e c t i o n  of the tube ,  i nd ica t ed  by the 
closed sbreamline fo r  S=O.5. Since t h i s  is a s teady  
state s o l u t i o n ,  t h i s  corresponds t o  a r i n g  vor tex  s tanding  
i n  the  d iverg ing  cross s e c t i o n s  of t h e  tube.  
I n  Figure 11, for  Reyno1a.s number 20 and t h e  same 
tube geometry, t h e  sepa ra t ed  fEow region  has  grown t o  
f i l l  almost a l l  of t h e  formed by t h e  diverging 
s e c t i o n ,  From t h e  s t r eaml ine  p a t t e r n ,  it i s  seen t h a t  
t h e  egfective flow a r e a  is determined by t h e  minimum 
r a d i u s  of the  tube, 
Figure 1 2  is  a p l o t  of dinlensionless axial p re s su re  
g r a d i e n t  t i m e s  Reynolds number versus  Reynolds number f o r  
t h r e e  values of A. The dotted l i n e  is t h e  pressure  drop 
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r e l a t i o n s h i p  p red ic t ed  a n a l y t i c a l l y  for  A=Q, t h a t  i s ,  
Poiseui lLe f l o w .  This p l o t  shows t h a t  the e f f e c t  of 
increased  tube "waviness" is a r a t h e r  large i n c r e a s e  i n  
pressure  loss. 
It w a s  found t h a t  i n  order t o  o b t a i n  convergent 
s teady  s ta te  s o l u t i o n s ,  is: w a s  necessary t o  reduce the  
r e l a x a t i o n  parameter w as t h e  Reynolds number w a s  i n -  
creased. The va lues  p l o t t e d  on Figure 1 2  inc lude  t h e  
maximum Reynolds number f o r  which s o l u t i o n s  were obtained 
by using va lues  of w from 1.0 Co a minimum of 0.5 Most 
of these c a l c u l a t i o n s  were made wi th  a grid width €3 0f 
0.1 ,  
Time-Dependent Flow of Liquid Only 
Figure 13 ,  1 4  and 15 are s t r eaml ine  p l o t s  for  a 
Reynolds number of 2 5  and A=0,25 for three d i f f e r e n t  
values  of dimensionless t i m e ,  wi th  t i m e  measured from 
t h e  impulsive s t a r t  described i n  Chapter 11. These plotG 
were drawn us ing  t h e  same technique as f o r  t h e  steady 
s ta te  case. 
Figure 13  i s  f o r  T=0.02p which i s  very soon a f t e r  
s t a r t - u p r  The flow p a t t e r n  i s  symmetrical with r e s p e c t  
t o  the  cen te r  of t h e  s e c t i o n  s i n c e  t h e  main flow is  
p o t e n t i a l  flow a t  t h i s  t i m e ,  wi th  a t h i n  viscous boundary 
l a y e r  near  t h e  w a l l .  A t  a la ter  t i m e ,  T=O.5Op in Figure 
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1 4  t he  flow has become separa ted  i n  t h e  diverging 
section with a corresponding s h i f t  i n  t he  other strean- 
LinesD fn Figure 25,  the  flow has approached a steady 
s ta te  p a t t e r n  f o r  T=5.0, Concerning t h e  dimensionless 
t i m e  scale, a value of T = l o O  corresponds t o  the phys iaa l  
t i m e  requi red  fo r  a p a r t i c l e  moving w i t h  t h e  average 
Eluid v e l o c i t y  t o  move a d i s t a n c e  0f one tube r a d i u s ,  
Exact q u a n t i t a t i v e  correspondence between t h e  s teady  
s ta te  s o l u t i o n s  and time-dependent s o l u t i o n s  fo r  l a r g e  
values  df t i m e  w a s  n o t  obtained,  This  can be seen by 
comparing Figures  l1 and 15. Although khe Reynolds num- 
ber is 25 €or t h e  time-dependant s o l u t i o n  shown i n  Figure 
15, a comparison can be made wkth t h e  s teady skate 
s o l u t i o n  of Figure 11 which i s  f o r  a Reynolds number oE 
20. The vor tex  i n  Figure 15 is smaller than  t h e  0ne i n  
Figure 11, b u t  a decrease i n  t h e  Reynolds number from 
25 t o  20 would r e s u l t  i n  a s t i S l  smaller vortex.  This 
d i f f e r e n c e  i s  expected s i n c e  the time-dependent soEu- 
t i o n s  were n o t  c a r r i e d  to a s teady  s%ate due to the  
excess ive  computer t i m e  required.  However, another  
source of d i f f e r e n c e  is  t h a t  t h e  i t e r a t i o n  procedures 
and equat ions  for s teady  s ta te  and time-dependent so lu-  
t i o n s  were completely d i f f e r e n t .  The in te rmedia te  
i t e r a t i o n s  t o  a s teady  s ta te  s o l u t i o n  have no phys ica l  
s i g n i f i c a n c e  whereas t h e  time-dependent s o l u t i o n  models 
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t h e  phys ica l  flow a t  each 
ping t h e  t i m e  d e r i v a t i v e s  
t i m e  s t e p .  A l s o ,  after drop- 
from t h e  time-dependent 
equat ions  
y i e l d  s u i t a b l e  i t e r a t i o n  equat ions  fo r  the  s teady  state 
case, The r e s u l t i n g  equat ions  *ere of a r a t h e r  d i f f e r e n t  
form than  t h e  d i f f e r e n t i a l  equat ions ,  as w a s  po in ted  s u t  
i n  Chapter IIIo However, t he  s teady  s ta te  soEutions and 
time-dependent s o l u t i o n s  for l a r g e  va lues  of t i m e  do agree  
q u a l i t a t i v e l y  f o r  t h e  r e s u l t s  obtained,  
a l g e b r a i c  manipulations were performed CQ 
Figure 16  shows v e l o c i t y  p r o f i l e s  i n  t he  X,Y pJane 
f o r  four  cross s e c t i o n s  i n  t h e  tribe. These data corres- 
pond t o  t h e  s t r eaml ine  p lo t s  of Figure 14, The e f f e c t  
of convergence and divergence of t he  tube  and t h e  f l u i d  
i n e r t i a  may be seen by the  d i f f e r e n t  shapes of t h e  v e l o c -  
i t y  psofikes  for  the f o u r  cross s e c t i o n s  chosenp For  
f l o w  w i t h  no i n e r t i a  effects i d e n t i c a l  prsfiEes would 
e x i s t  f o r  X=C/2 and X=3C/2, 
Time-Dependent Flow w i t h  Bubbles 
Although numerical  s o l u t i o n s  for a r b i t r a r y  bubble 
shapes were n o t  ob ta ined  and only l i m i t e d  so lu t ions  for 
spherical  bubbles w i t h  $he p res su re  boundary cond i t ion  
were obtained,  t h e  case of spherical bubbles w i t h  the  
v e l o c i t y  boundary condi t ion  fo r  s e v e r a l  va lues  of the  
parameters w a s  numerically solved,  I n  %his s e c t i o n  some 
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of %he solu%ions are presented and i n  the fol lowing 
%ion the  p r i n c i p a l  d i f f i c u l t i e s  encountered i n  t he  
~ ~ t ~ o n ~  are d i s  
For t h e  case of spherical bubbles using t h e  p re s su re  
ry cond i t ion ,  t h e  Webe umber w a s  taken t e a  be 
numerically very small and the  bubble assumed t o  be 
e These r e s u l t s  presented  here are fo r  a 
s t r a i g h t  w a l l  tube ,  and %he extens ion  t o  io wavy w a l l  tube 
is s t r a i g h t  forward, The parameters governing t h e  flow 
were sys t ema t i ca l ly  va r i ed  i n  seeking oonvergent. s o l u t i o n s .  
Although solufA.ons fo r  more than t h e  firs 
were noQ obta ined ,  it was found t h a t  best r e s u l t s  were 
obtained fo r  Reyno ds numbers of from 10 t o  50 
dimensionless body f o  ee value$ fo r  from 2 t o  5, These 
va lues  of body force would decrease t h e  v e l o c i t y  of a 
bubble r e l a t i v e  t o  the average f l u i d  v e l o c i t y ,  
few f i m e  s teps  
Figure 1 7  is a s t r eaml ine  p h t :  of t i m e  T=0 w i t h  a 
Reynolds number of 50, a bubble kadius of 0.275# a Weber 
number of 8.005, and a body force sf 3 ,  B e  ause t he  p lo t s  
from the d i g i t a l  printer eo 
scale i n  t h e  hcsrizon.$a& and ions t h e  bubble 
does not appear as a t r u e  sernieirele, Figure 18 is a 
s t r eaml ine  p l o t  at T=O.Olr after t e n  t i m e  s t e p s l  w i t h  
the other p a r m e t e r e  remaining the same, For l a te r  t i m e  
steps the  ~~~~~~~~~~~s began t o  d ive rge  as was typical of 
i t i o n ,  Sincre 
83 
convergent s o l u t i o n s  could n o t  bd obta ined  for more than 
t e n  t i m e  s t e p s  t h e  s o l u t i o n  was not extended t o  a wavy 
w a L 1  tube. 
Using t h e  v e l o c i t y  boundary condi t ion ,  s o l u t i o n s  were 
obtained f o r  a bubble moving near  one end of a t y p i c a l  
tube s e c t i o n  t o  near  t h e  o the r  end. Since it was desired 
t o  s tudy the motion of bubbles i n  a v iscous  flow, an 
approximation t o  a f u l l y  deveolped viscous flow p a t t e r n  
for  the  l i q u i d  w a s  used as an i n i t i a l  condi t ion.  Howeverp 
only t h b  s o l u t i o n s  for  t h e  s m a l b r  bubbles and Reynolds 
numbers can be considered t o  have approached a s teady  
state. As t h e  bubble s i z e  i n c r e a s e s ,  t h e  i n i t i a l  guess 
t o  a fu l ly ' deve loped  viscous €low is  less accura te .  
f o r  t h e  waQy w a l l  cases, the  above effect is combined 
w i t h  t h e  e€fect of a bubble movhg through t h e  changing 
cross s e c t i o n  of the tubeo  The bubbles shown i n  F igures  
19 through'  26 a r e  a l l  s p h e r i c a l ,  b u t  do not appear so 
due t o  t h e  differences i n  t h e  v e r t i c a l  and h o r i z o n t a l  
A l s o ,  
scales s€ the computer plots .  A31 of t h e  r e s u l t s  are 
fo r  a g r i d  of 2 1  by 4 1  w i t h  H=0.05 and E=Be002. 
Figure 1 9  i s  a s tkeamline p l o t  for a bubb 
r ad ius  0 ,1375  moving w i t h  a v e l o c i t y  of 3.2 a t  t h i s  
i n s t a n t  w i t h  the average f l u i d  v e l o c i t y  being 1.0 as it 
is  f o r  all of the  flows considered. The tube  w a l l .  fs 
a 
s t r a i g h t ,  t h a t  i s  24-0, and t h e  Reynolds number of t h e  
l i q u i d  flow i s  1 0 .  S ix ty  f o u r  t i m e  s t e p s  have e lapsed  
since s t a r t i n g  t h e  ca l cu la t ions .  For f u l l y  developed 
flow i n  a s t r a i g h t  w a l l  t ube ,  t h e  dimensionless v e l o c i t y  
a t  t h e  c e n t e r l i n e  is  2 so t h a t  t h e  bubble h a s " a  v e l o c i t y  
approximately 50% g r e a t e r  than t h e  neighboring f l u i d  
p a r t i c l e s  would have i f  t h e  bubble w e r e  no t  present .  A s  
can be seen by t h e  s t r eaml ine  p a t t e r n ,  t h e  gene ra l  flow 
f a r  away from t h e  bubble i s  n o t  g r e a t l y  d i s tu rbed  by 
t h e  presence of t h e  bubble. 
Figure 20 i s  a s t reaml ine  p l o t  f o r  flow i n  a s t r a i g h t  
w a l l  tube wi th  a l i q u i d  Reynolds number of 1 0  and a bubble 
r ad ius  of 0.1875. The bubble v e l o c i t y  is 7 .0  and 84 t i m e  
s t e p s  have e lapsed  s i n c e  beginning t h e  c a l c u l a t i o n s .  A t  
la ter  t i m e  s t e p s  t h e s e  c a l c u l a t i o n s  diverged as t h e  flow 
p a t t e r n  became more d i s tu rbedo  Perhaps a smaller g r i d  
s i z e  would have allowed t h e  c a l c u l a t i o n s  t o  converge f o r  
t h e  m o r e  d i s tu rbed  flow, bu t  c u r r e n t  computer s t o r a g e  
capac i ty  and speed made t h i s  unfeas ib le .  However, t h i s  
flow p a t t e r n  is of i n t e r e s t  because it shows t h e  marked 
change i n  t h e  flow with t h e  i n c r e a s e  i n  t h e  bubble s i z e  
and Reynolds number. 
Figures  2 1 ,  22  and 23 are s t r eaml ine  p l o t s  f o r  a 
bubble of r ad ius  0.1375 i n  a wavy w a l l  tube wi th  A=0.25. 
T h e  Liquid Reynolds number i s  1,O. I n  Figure 2 1 ,  t h e  
bubble is centered a t  Z=Oe55 and 29 t i m e  s t e p s  have 
e lapsed  s i n c e  beginning t h e  calculat ions,  The bubble 
v e l o c i t y  a t  this i n s t a n t  is 4.0. I n  Figure 2 2 ,  t h e  
bubble is centered  a t  2-1.0 and has  a v e l o c i t y  of 2.8,  
A t  t h i s  p o i n t  9 4  t o t a l  t i m e  s t e p s  have been taken. In 
Figure 23 t h e  bubble is centered  a t  2-1.75 and has  a 
v e l o c i t y  of 4.4.  The t o t a l  number of t i m e  s t e p s  a t  
t h i s  p o i n t  is  214 ,  A t  t h i s  l o w  Reynolds number and small 
bubble r ad ius  t h e  gene ra l  flow p a t t e r n  i s  n o t  g r e a t l y  
d i s tu rbed  by t h e  motion of t h e  bubble as w a s  t h e  case f o r  
t h e  s t k a i g h t  w a l l  tube with Reynolds number of 1 0 ,  shown 
i n  Figure 19, 
Figures  2 4 ,  2 5  and 26 are s t r eaml ine  p l o t s  fo r  a 
bubble of r a d i u s  0.1875 i n  a w a v y  w a l l  tube wi th  A=0.25 
and a Reynolds number of 1 0 .  I n  Figure 2 4  t h e  bubble i s  
centered a t  2=0,65 and has a v e l o c i t y  of 5.5, T h i r t y  
f o u r  t i m e  s t e p s  have been taken a& t h i s  p o i n t  s i n c e  t h e  
beginning of t h e  c a l c u l a t i o n s ,  In Figure 25 the bubble 
i s  centered a t  Z-1 .0  and has  a v e l o c i t y  of 6.1. The 
t o t a l  number of t i m e  s t e p s  a t  t h i s  p o i n t  i s  64 .  I n  Figure 
26 t h e  bubble is  centered  a t  Z=1,35 and has  a v e l o c i t y  of 
7.7. 
po in t .  For l a te r  t i m e s  t hese  e a l c u l a t i o n s  also diverged 
as those  descr ibed  i n  the  d i scuss ion  of Figure 20 ,  
Eighty n ine  t o t a l  t i m e  S teps  have been taken a t  t h i s  
Convergent s o l u t i o n s  were n o t  obtained fo r  bubbles 
d ix 
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of l a r g e r  s i z e  or for Reynolds numbers of 25 or g r e a t e r  
except  f o r  a few t i m e  s t e p s .  
Problems Encountered i n  the  Bubble CalcuLatfons 
Three p r i n c i p a l  areas of d i f f i c u l t y  may be i d e n t i f i e d  
f o r  t h e  case of time-dependent f l o w  inc luding  bubbles : 
(1) t h e  discont inuous d e r i v a t i v e s  of t h e  coord ina te  t r a n s -  
formation a t  each end of t h e  bubble ,  (2 )  t h e  d i f f i c u l t y  
i n  ob ta in ing  accu ra t e  numerical va lues  of curva ture  f o r  
an a rb i t ra ry  bubble shape, and ( 3 )  divergence of t h e  cal- 
c u l a t i o n s  using t h e  p re s su re  boundary condi t ion.  These  
w i l l  be d iscussed  s e p a r a t e l y  i n  some d e t a f l ,  
Coordinate system s i n g u l a r i t y ,  A t  each end of t h e  
bubble where t h e  tube c e n t e r l i n e  i n t e r s e c t s  t h e  bubble 
s u r f a c e ,  t h e  d e r i v a t i v e  of the bubble r ad ius  w i t h  r e s p e c t  
t o  t he  a x i a l  coord ina te  becomes i n f i n i t e  due t o  t h e  a x i a l  
symmetry. Due t o  t h e  na tu re  of t h e  coord ina te  t r ans -  
formation used t h e  angle  between t h e  X and Y coord ina te  
l i n e s  i n  t h e  R , Z  p lane a t  t h i s  p o i n t  becomes zero and 
both are p a r a l l e l  do t h e  R d i r e c t i o n .  Therefore ,  t h e  
express ion  for d e r i v a t i v e s  wi th  r e s p e c t  t o  Z becomes 
use l e s s .  However, fo r  numerical approximations, t h i s  
s i n g u l a r i t y  may be avoided i f  it can be arranged t o  have 
t h e  bubble pos i t i oned  so t h a t  a g r i d  l i n e  i n  t h e  Y 
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d i r e c t i o n  never g e t s  very close t o  t h e s e  c r i t i ca l  X 
coordinates .  T h i s  w a s  accomplished fo r  a spherical 
bubble by choosing t h e  i n i t i - a l  p o s i t i o n  and radius 
c o r r e c t l y  and allowing t h e  bubble t o  move w i t h  a cons t an t  
$tep as described i n  Chapter IV. For changing bubble 
shape such a proaedure might n o t  be possible. 
T h i s  problem would n o t  arise i f  the bubble shape 
were n o t  transformed t o  a segment of the c e n t e r l i n e .  
Howeverp using f i n i t e  d i f f e r e n c e s ,  khe d i f f i c u l t i e s  of 
t h e  coordinate  system n o t  matching the  bubble boundary 
lead t o  a t ed ious  group of a l g e b r a i c  equat ions  fo r  the  
boundary condi t ions .  T h i s  method was t r ied in t h e  course 
~f t he  s tudy and because of t h e  mount 0f algebrafe labar 
involved dtr was rejected, 
Calcula t ions  of bubble curva tare ,  The  na tu re  of the  
boundary c o n d i t i o n  ora pressurel equat ion  (46) r e q u i r e s  
an accdrate determinat ion of t h e  bubble curva ture ,  For 
the  case of a gene ra l  bubble shape khis w a s  found t o  be 
a major problem i n  seek ing  numerical s o l u t i o n s .  
bubble shape and p o s i t i o n  a& given time can be determined 
by numeridally i n t e g r a t i n g  t h e  v e l o c i t y  i n  t i m e ,  T h i s  
y i e l d s  tho l o c a t i o n  sf a set  of p o i n t s  0n t h e  bubble 
su r face .  From these p o i n t s ,  t h e  first and second deri-. 
vatives QE t he  bubble boundary N i t h  r e s p e c t  t a  the a x i a l  
d i r e c t i o n  must be @alcuEatedp I t  is  well known khat  the 
The 
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de te rmina t ion  of second d e r i v a t i v e s  from discrete 
is s u b j e c t  t o  l a r g e  e r r o r .  This  inaccuracy would 
data 
then 
magnify any e m o r  i n  t h e  l o c a t i o n  of p o i n t s  on t h e  sur -  
face. I f  t h e  bubble shape does n o t  change and may be 
s p e c i f i e d  by a continuous func t ion  such as t h e  equat ion  
of a sphere t h i s  i s  no longer  a problem. Although o t h e r  
d i f f i c u l t i e s  e x i s t  f o r  t h e  case of a gene ra l  bubble shape 
t h i s  w a s  t h e  i n i t i a l  reason f o r  r e s t r i c t i n g  t h e  ca l cu la -  
t i o n s  t o  t h e  case of s p h e r i c a l  bubbles. 
Divergence of c a l c u l a t i o n s  usinq p res su re  boundary 
condi t ion ,  
condi t ion  ( 4 6 )  is  made very s m a l l ,  t h e  r e s u l t i n g  bubble 
shape should approach t h a t  of a sphere.  Because of t h e  
problems encountered i n  c a l c u l a t i n g  c u r v a t u r e s p  a t tempts  
w e r e  made t o  o b t a i n  s o l u t i o n s  f o r  s p h e r i c a l  bubbles by 
making t h e  Weber number i n  equat ion (46) very s m a l l  w i t h  
t h e  hope of showing t h a t  the. v e l o c i t i e s  ob ta ined  would 
r e s u l t  i n  an approximately s p h e r i c a l  bubble, These cal- 
c u l a t i o n s  were w e l l  behaved f o r  a number of i t e r a t i o n s .  
However, a f t e r  a c e r t a i n  number they began t o  d ive rge ,  
Slowly a t  f i r s t  b u t  f i n a l l y  becoming meaningless. The 
divergence usua l ly  could be seen t o  begin between 50  and 
1 0 0  t o t a l  i t e r a t i o n s .  The cause of t h e  divergence w a s  
n o t  determined. 
I f  t h e  Weber number i n  t he  pressure  boundary 
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Figure 9, Streamlines for Steady State Plow 
RN-5, A=0.25, C=l.O 
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Figure 10. Streamlines for Steady State Flow 
R N = l O ,  A=0.25, Cxl.0 
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Figure 11. Streamlines for Steady State F l o w  
RNs20, A=Oe25p C=1.0 
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Figure 14. Streamlines for Time-Dependent Flow 
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Figure 16 Velocity Profiles for Time-Dependent 
Flow without  Bubbles 
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7* Streamlines for Flow w i t h  Bubbles 
using Pressure Boundary Condition 
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Figure 18. Streamlines for Flow with Bubbles 
using Pressure Bouqdary Condition 
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9 ,  Streamlines for Flow with Bubbles 
using Velocity Boundary Condition 
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Z 0-1.35, VT=3.15 T=O 124 
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using Velocity Boundary Condition 
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Streamlines for Flow w i t h  Bubbles 
using Velocity Boundary Condition 
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F i g u r e  23.  Streamlines for Flow with Bubbles 
using Veloc i ty  Boundary Condition 
RN=l.O, A=0.25, C=l.O, Bubble Radius=0.1375 
Zo-1.75, VT=4.4, TsO.428 
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using Velocity Boundary Condition 
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Figure 25. Streamlines for F l o w  with Bubbles 
using Velocity Boundary Condition 
R N = l O ,  A=O. 25,  C = l .  0 ,  Bubble Radius=O. 1875 
Z0=1*00, VT=6.1, T=0.128 
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Figure 26, Streamlines for F l o w  with Bubbles 
using Veloc i ty  Boundary Condition 
R N = l O ,  A=0.25, C=l.Op Bubble Radius=0.1875 
Zo=1.35, VT=7.7, T=0,178 
VI CONCLWSEBNS AND RECOMMENDATEONS 
The problem of t h e  flow of a viscous Piquid w i t h  
gas bubbles i n  an i n f i n i t e l y  longp wavy w a l l  tube  has  
been formulated. Numerical s o l u t i o n s  were determined for 
the s teady  s t a t e  flow of the l i q u i d  i n  t h e  absence of gas 
bubbles and for time-dependent f l o w  both w i t h  and wi thout  
gas bubbles. 
T h e  coord ina te  t r a n s  fo rna t ion  uped sl .mplified the  
geometry qnd made t h e  apgJica%ioa oE boundary conditioixs 
much easier. Because of a s i n g u l a r i t y  i n  the  t r a n s f q r n e d '  
coordinate system a t  each end of a bubble,  a spec iaJ ized  
technique for seposikioning a bubble dur ing  i t s  motion 
was used. Howeverp o v e r a l l  the  t ransformat ion  was found 
t o  reduce t h e  labor i n  ob ta in ing  numerical  s o l u t i o n s .  This  
gene ra l  type o f  trawfomation shouid be useful. for n m e r -  
i c a l  s o l u t i o n s  t o  other types  .of problems w i t h  boundaries 
which do not coincide t o  s tandard  coord ina te  systems. 
The s teady  s ta te  s o l u t i o n s  showed the  presence of 
r i n g  v o r t i c e s  s tanding  i n  t h e  d ivergent  s e c t i o n s  of t h e  
tube f o r  s u f f i c i e n t l y  l a r g e  -Reynolds numbers. Also, an 
inc rease  i n  waviness of t h e  tube  Eesul ted i n  a lange 
increase in pressure loss. The time-dependent s o h e i o n s  
i n  t h e  absence of gas bubbles showed the developmest of t h e  
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viscous flow p a t t e r n  wi th  t i m e  and t h e  production and 
growth of v o r t i c e s  i n  t h e  d ivergent  s e c t i o n s .  These 
s o l u t i o n s  approached a s teady  state f o r  l a r g e  va lues  of 
t i m e  and were i n  q u a l i t a t i v e  agreement wi th  the s teady  
s t a t e  s o l u t i o n s  obtained.  F o r  a s t r a i g h t  w a l l  tube  t h e  
numerical, s o l u t i o n s  were i n  good agreement with P o i s e u i l l e  
flow i n  a p ipe ,  
The time-dependent s o l u t i o n s  f o r  flow with gas  
bubbles using t h e  v e l o c i t y  boundary condi t ion  showed t h a t  
t h e  v e l o c i t y  of r e l a t i v e l y  s m a l l  s p h e r i c a l  bubbles w a s  
from two t o  e i g h t  t i m e s  t h e  average v e l o c i t y  of the  l i q u i d .  
Even f o r  very low Reynolds numbers, l a r g e  v e l o c i t i e s  of 
bubbles relative t o  t h e  l i q u i d  were found with correspond- 
ing l a r g e  d is turbances  i n  t h e  l i q u i d  flow p a t t e r n .  
Although the  problem of t h e  motion of a r b i t r a r i l y  shaped 
gas bubbles w a s  formulated,  numerical  d i f f i c u l t i e s  made 
it p o s s i b l e  t o  o b t a i n  s o l u t i o n s  f o r  s p h e r i c a l  bubbles only.  
The l i m i t e d  s o l u t i o n s  using t h e  p re s su re  boundary cond i t ion  
should n o t  be considered conclusive s i n c e  t h e  c a l c u l a t i o n s  
diverged a f t e r  a f e w  t i m e  s t e p s .  
T o  make a gene ra l  s tudy of t h e  motion of gas  bubbles 
moving i n  a v iscous  l i q u i d  which flows i n  a tube, w i t h  
ei ther changing or  cons t an t  c ros s  s e c t i o n ,  t h e  bubble 
shape should be allowed t o  vary according t o  t h e  l i q u i d  
flow. However, un le s s  some means can be found t o  expres s  
the  bubble shape i n  terms of a n a l y t i c a l  express ions ,  t h e  
3.0 9 
i nhe ren t  error i n  numerically c a l c u l a t i n g  the  bubble 
curvature  w i l l  be a major problem. A p o s s i b l e  technique 
would be to qssume t h e  shape as a sum of a series of 
ellipses w i t h  undetem+ned parameters With l o g i c a l  cri- 
ter ia  for determining these parameters, t h i s  could be com- 
bined wi th  a f i n i t e  d i f f e r e n c e  s o l u t i o n  for the  l i q u i d  flow, 
which i s  w e l l  s u i t e d  .to s a l v i n g  t h e  equations of motion for 
khe l i q u i d 6  
Since a coordinate  system.which does n o t  coincide do 
t he  bubble boundary causes @ha a p p l i c a t i o n  o€ ,the boundary 
conditiong 'to be very t ed ious  some type ~f t ransformation 
should be used. I f  t h e  bubble shape were cons t ra ined  t o  
be c o n s t a n t p  then  perhaps .a coord ina te  t ransformation 
could be found which .EeEt..the .bubble shape unchanged buk 
caused t h e  w a l l  to coinc ide  to a coord ina te  l i n e .  T h i s  
would avoid t h e  d i f f i c u l t y  encountered i n  t h i s  work w i t h  
the  discont inuous .deEivatives at t h e  ends of t h e  bubble. 
Howevero the type .of transgokrnation :used in this study can 
be used with a bubble of changing shape, 
 or a r b i t x a r y  bubble shapes , pres su re  appears explic-'  
i t l y  i n  t h e  bauedary condi t ions .  Therefore, it would be 
advantageous t o  have the eguat ions  fo r  the l i q u i d  f l o w  
w r i t t e n  w i t h  pressure  as a fundamental variable, rather 
than  an a u x i l i a r y  va r i ab le .  Also ,  t h i s  would allow 
t h e  bouridary condikions a t  the ends of a f i n i t e  tube to 
be s p e c i f i e d  i n  terms of pressure .  
110 
  he use of a larger and fas tex  eempu%er would allow 
the use of a sma leP: grid size in %he so lut ions  for the 
motion of bubbles Using the vekaofty boutndaq aonditio 
This  could improve the  aocusacy i n  determining the trans- 
l a t i o n a l  v e l o c i t y  of the bubbles and allow the ca lculat ions  
to converge for more disturbed flow patterns. Alsop the 
motion of a bubble eotlEd be fol lowed through more ehan one 
wavelength of the  tube. The calculat ion of a drag eoefff- 
qient: foe: a bubble would allow more meaningful compaqisong 
to be made with other r e s u l t s ,  
PENDIX 
In  order to determine the stream function a t  a par- 
t i c u l a r  point on the bubble surface using the  pressure 
boundary condition a f i n i t e  diffeltence .form of equation 
( 2 4 )  i s  used with forward di f ferences  for Y der ivat ives  
Lek 
Then from ( 2 4 )  w e  get 
-111- 
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Equation (A-2) is a quadratic algebraic  equation for Si,j. 
Therefore, 
where 
6 8 4.5 Gx 
H ( D i B )  ( D i D )  -e H2 ( D i D )  ( D i B )  ( D i B )  ( D i D )  
(A-3) 
3 Gy2 - X 0.75 GaSYX 
H ( D i D )  ( D i B )  H ( D i D )  ( D i B )  ( D i B )  ( D i D )  * 
- 2 GOSX P 
(SXI2 f 2G SX (4s2,j - s3,j) c P -4- + G BYX 4. 2 ( D i B )  
SX. SYX 
4H(DiD) ( D i B )  
f G2 (&2, j 
Y 
Gy2 
8 (SYX) - S3,j) 4- 
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